2008 Quarter-final Exam: Problem 4

Kevin S. Huang

When the beads are at angle 6 from the top, we can conserve energy to find their speed v (they
have the same speed by symmetry),
L,
mgh = mgr(1 — cosf) = gmv

v? = 2gr(1 — cosf)
Applying Newton’s 2nd law in the radial direction, we have

2
N 4+ mgcos = - _ 2mg(1 — cos6)
r

using our earlier expression for v. Solving for the normal force,

N =mg(2 — 3cosb)

By Newton’s 3rd law, the hoop feels the normal force directed in the opposite direction.



Balancing forces on the hoop,

Ny + 2N cost = mpg

For the hoop to stay on the ground, we must have N, > 0 so

mpg — 2N cosf > 0
2N cos 0 < myg

Substituting our expression for N,

2mg(2 — 3cos ) cos O < mpg

m 1
mp ~ 2(2—3cosf)cosd

To maximize the right-hand side, we can find the minimum of (2 — 3 cos #) cos 6 by differentiation:

d
dcose[(Q—Scosé’)cose] = —3cosf+ (2—3cosf) =2—6c¢cosh =0
Since cosf = 1/3, we find (2 — 3cosf)cosf = 1/3 so
mo 1 _3
my, — 2(1/3) 2




