
Motivation
• Chaos theory – study of systems that vary strongly according 

to initial conditions
• Chaos is central to phenomena as diverse as weather, traffic, 

and turbulent flow.
• Applying AI to solving chaotic systems is a recent 

development.

Theory
The Lagrangian (difference in kinetic and 
potential energies) for a single pendulum 
is given by:

Methodology
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RNNs and LSTM

• LSTM (long short-term memory) –
type of RNN that avoids the vanishing 
gradient problem.

• Contains 4 gates controlling how 
much information flows from hidden 
states at time 𝑡 − 1 to time 𝑡.

• Gates are represented by a stacked 
weight matrix, followed by an 
activation function (e.g. 𝑡𝑎𝑛ℎ, 𝜎).

• Cell state allows for simplified 
gradient flow.

Future Work and Applications
1. Allowing the pendulums to take on a full 360-degree rotational space.
2. Expanding to more complicated chaotic mechanical systems.
3. Generalize techniques to weather forecast and traffic prediction.
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• Some chaotic systems may be 
expressed by equations while 
others cannot.

• Using neural networks will give us 
a data-driven approach to 
predicting and modelling the 
behavior of unsolvable chaotic 
systems.

• Although the double pendulum 
system can be simulated by ODE 
solvers, the trained model may be 
used to glean physical intuition.

• Objective: Predict the initial 
motion of a double-pendulum 
system released from rest.

Fig. 1. The double 
pendulum system. The 
behavior of both 
pendulums is 
unpredictable by linear 
means.

Single Pendulum
• Create RNN with a single 

hidden layer of size 10.
• Run for a single epoch 

with learning rate 
5 ×10,- and batch size 
4, using SGD as our 
optimizer.

• Begin with a fixed-energy 
(zero initial velocity) 
single pendulum.

• Generalize to random 
initial energies on the 
single pendulum.

• Sample starting from a 
random point within the 
first period (2𝜋𝜏).

Double Pendulum
• Create LSTM with a 

single hidden layer of size 
20. 

• Run for 30 epochs with 
learning rate 5 × 10,- and 
batch size 32, using 
Adam as our optimizer.

• Begin with fixed 𝜃2 = 0
and random 𝜃4, with 
granular timesteps of 𝜖 =
6
277.

• Generalize back to time 
steps of 6

27
and arbitrary 

initial 𝜃, �̇� values.

Fig. 4. Phase plots of our prediction of the single pendulum system. We 
trained for 2𝜏 and tested on 10𝜏 timesteps.

• The single pendulum system is 2𝜋𝜏-periodic, and thus the RNN was able to 
converge within a single epoch, easily generalizing to test sequences of ten 
times the training sequence length.

• The double pendulum system is entirely chaotic, yet surprisingly, the LSTM 
model was able to generalize relatively well to test sequences of double the 
trained length. We attribute this to higher model capacity (ℎ9 ∈ ℝ47) as well 
as the LSTM’s hardy backpropagation capability (no vanishing gradients).

Euler-Lagrange equation for 
single generalized coordinate:

• RNN (recurrent neural network) –
a modified neural net with a hidden 
state h ∈ ℝ= representation.

• Hidden states are dependent on 
each previous hidden state.

• Hidden states are governed by ℎ9 =
𝑡𝑎𝑛ℎ(𝑊==ℎ9,2) and the output can 
be recovered via 𝑦9 = 𝑊B=ℎ9.

• Our network doesn’t take any 𝑥9
other than at the first timestep.

Single pendulum:

Double pendulum:

Characteristic time:

𝜏 ∼
𝑙
𝑔

Fig. 3. Diagram of LSTM at 
time 𝑡.

Fig. 2. Diagram of RNN at 
time 𝑡.

Fig. 5. Phase plots of our prediction of the double pendulum system. We 
trained on sequences of length 10𝜏 and tested on sequences of length 20𝜏.

Equations of motion for double pendulum:

Period of a single 
pendulum:
𝜏7 ≈ 2𝜋𝜏

Time interval to 
predict over:
𝑇 = 20𝜏

Time step:

𝜖 =
𝜏
10

Loss function:

𝐿 =J
9K7

L

( M𝜃9 − 𝜃9)4 + ( Ṁ𝜃9 − ̇𝜃9)4

Equations of motion 
for single pendulum:


