Solutions - Chapter 3

Kevin S. Huang

Problem 3.1
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Problem 3.2

Eigenstate problem:

. h
Sy ) = ny I

gn = Spsinfcos g 4 S, sinfsin ¢ + S, cos

h 0 1 . 0 —i o 1 0
—EK 1 O)sm&cosgzﬁ—i-<i 0 >sm831n¢+(0 q )COS@]

_h cos f sinf(cos¢g —ising) \ _ N cos e ®sind
2\ sinf(cosd + ising) —cos T2\ €?sinf  —cosf

Matrix form:
hi cosf e ?sinf (*zlw) \ _ b (+zlw)
2\ €?sinf —cosb (—z|u) —Hy (—z|u)
cos —pu e “sind (+z|u) \ 0
e?sinf  —cosf —p (—z|u) )

cost —pu e ¥sinf
e?sinf)  —cosl —

‘:uQ—COSQQ—SiDQQZO

Eigenvalues:

w==x1



(CQS@ZFl e " sinf ) < (+z| £ n) ):O

e?sinf  —cosf F 1 (—z| £ n)
Equation:
(cosf F 1) (+z| £n) + e sinf (—z| £n) =0
Normalization:
| (+z[ £n) "+ [ (—z| £n) [* =1
(cos® F 1)?
| {(+z| £ n) |Q+W| (+z| £n)[* =1
(2] £n) 2 = sin? 6 sin® (1 —cosf)(1+ cosb)
z| £ n
sin 0 + (cos 6 F 1)2 T 2F2cosf 2(1 F cosb)
1 —|—cos<9 9
| (+2] + n)
2
| (+2] — n) /1—6059 9
Z —
2
| (— z|+n>|—e¢sm§
, 6
| (—z] —n)| = —€ cos o
Eigenstates:
6 : 7
|+n) = cos 3 |4+2z) + €' sin 2 |—2)
0 0
|—n) = sin = |+z> — e¢cos§ |—z)
Problem 3.3

— O

— O

o 1)
)
)
)=



0 -1 0 1
0103 + 0301 = 1 0 + 10 )= 0
0 4 0 —
0903 + 0309 = i 0 + i 0 =0

{O'i, O'j} = 25Z]I

Problem 3.4
a)
o x0o=(0,44+0,J+0.k) x (0,2 + 0,5 +0.k)
= (040, — 0,0y)8 + (0,0, — 0,0,)F + (0,04 — 040, )k
oy, 0] = 2io,
(02,04 = 2i0y,
(04, 0y] = 2i0,
o X o=20
b)
o-ao b= (a,0,+ ayo,+ a,0,)(by0, + byo, + b,0,)

= (azb, + ayb, + a.b,)I + a,byo.0, + asb. 0,0, + ayb.040, + ayb.o040, + a.byo.0, + abyo.0,

=a- bl +io,(ayb, — a.b,) —ioy(ab, — a.by) +io.(aby, — a,by)

oc-ac-b=a-bl+io-(axb)

Problem 3.5
a)
. .0 0\ o 1[0\ 52 1 [i0\° 53
N\ —iSy0/h o [ 22 — | — — — | —
R(0j) =e =1 (h)sy+2!(h> Sy 3!(h) Sy +
S =1
1 /60N> 1 /60\*
o =15 (5) i 5)




. 0 2, .0
R(03) = cos 5t ES‘U sin 5

R(63) 3 ( Cos(oe /2) 005(09/2) )+( —sin0(9/2) Sin<00/2) )

g = (B0 R (4)

0 N
|+n) = cos o |+z) + sin 7 |—z)

¢ =0:
Problem 3.6
J_|j,m) = c_hlj,m—1)
PN s, 2 2 22 s o ~2 a2 5
Jod_o = (o +idy)(Jo —idy) =Jp +J, —ily, Sy =T —J, +h,
<.]7m| j+j— |.]7 m> = C*—C—h2 <.]7m - 1|]7m - 1>

82 a2 - . o
(jom| I — 1" + k. |j,m) = [(j + 1) — m* + m]h* (j,m|4,m)

co =G +1) —m(m—1)[j,m—1)
Problem 3.7

({al + 2" (BN () + A15)) = 0

(a]ay + X" (Bla) + M{a|B) + A*A(B]5) >0
Choose:
(Bla)
(B818)

(ala) — (a]8) (Bley — (Bla) {a]B) . (al8) (Blay _ .

(818) (616) (618)

(Blev) (a|B)
{618)

\ = —

{ala) =

Schwarz inequality:

{ala) (8]8) > [(alB) |7
Problem 3.8



(A, B] = AB— BA—iC
Hermitian:

(alAlB)" = (B]Ala)

(0] AB — BA|B)" = (a|AB|B)" — (a|BA|B)" = (8| BA|e) — (B|AB|a) = (B|BA — AB|a)
BA - AB = —iC

(aliC|B)" = —i{a|C|B) = (af —iC|B)
C is Hermitian:
(alC]B)" = (BIC|a)
Problem 3.9

Eigenstate of S.: |+z)

aS. = Jis.2) — (5.2 =1

:

h
2

(Sy) = (+2|S:| +2) =0

N | St

(5:%) = (ralsit +2) = (

(Sy) = (+2[Sy| +2) =0

(S,2) = (+2|S,*| + z) = (g)z

h
(S.) = (+2|S.| +2z) = 3
AS,AS, > hr<§z>\

(2)(2)= )

Eigenstate of S,: |+x)



Problem 3.10

Sz (

(o0 —i
Sysf?(z’ 0>
h(1 0
S’“’EZE(O —1)

2 . 2 . )
2 0 —i 2 0 =1 2 0 -1
Problem 3.11
Instead of inserting the identity element connecting the two bases, we can use a cyclic

substitution r — y, y — 2, z — x:

. (B[ 1 0
HOITEY



Problem 3.12
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h|—z)
S_|-z)=0

~

S_ |+z)

A

S, = h|+2) (2

Problem 3.13
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Problem 3.14

Angular Momentum (spin-1: j = 1):
J. |j, m) = mh|j,m)
J.|1,1) = h|1,1)

J.[1,0) =0

1
J. =h|1,1) (LA =h[L=1) (1,1~ h | 0
: 0

Ji1,1) =0
Jy |1, —1) = V2R |1,0)

Jo = VIR([1,1) (1,0 +[1,0) (1,~1]) = V2h
J_[1,1) = V2r]1,0)

J_|1,0) = V2h |1, —1)
J_[1,-1)=0

J_ =~2h(]1,0) (1,1] +[1,—1) (1,0|) - V2h

R

Jp =2

I

Ty = +2z‘
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Problem 3.15

Sp |1, p), = ph|1, p),

e}

Sl
O =
[ e R
o = O
S
I
=
>t
S

Eigenvalues: ©=1,0,—1

SO
S+ S
lako
I
(@)

1
—a+—=b=0
2

%

1
—b—c=0

V2
b=+2a

c=a

Normalization:
a’®+2a>+a>=1

1 V2 1
1,1) =—-|1,1 — (1,0 —11,—1
|’>CC 2|’>+2|’>+2|7 >

Normalization:



a =

V2
2

\/§ \/§
1,0), = ~=1,1) — = |1, -1
1,0}, = L1y - 2L, -1)
w=—1

1
a+—=b=0
V2

1
—b+c=0
V2

b=—V2a

c=aq
Normalization:
a+2* +ad’=1
1

a =

2
1 2
1), = =2

1
1,0 — |1, -1
5 11,0) + 51, -1)
Problem 3.16

1
P = (101, 1) =

.0, = Y2

V2
L1 = (L
(Lo = Y2 iy = Y2 1,1y - 2
Problem 3.17
1 1

a) 1
P(S. =) =| (1L,1[9) [ = =

P(S. = 0)= [ {L0}) [ =
P(S. = —h) = [ {1, ~1}u) ! = =

(S.) = P(S. = B)(h) + P(S. = 0)(0) + P(S. = —h)(—h) = _‘_;h



\/_

1
1,1 ==(1,1 1,0 1,—-1

1 2 37
) = 7 11,1) + 7 1,0) + 7 11, -1)

(1 LJ0) = 1 2\/‘ 3 1+2V2+3i
VT T ovIa 2vid | 2vid

-t (' ) - -2

Problem 3.18

S |11) = ph 1)

S, = Sz sinf cos ¢ + Sy sinfsing + S, cos 0

A 0 1 0 A 0 —2 0 1 0 O
= 7 1 0 1 |sinfcos¢p+—=| ¢ 0 —i |sinfsing+h|[ 0O 0 O cos
2\ 0 1 0 V2 o i o 00 —1
cos @ sin@cosqﬁ\—/%sin@sinqﬁ 0
— 5 sin 6 cos ¢+i sin 0 sin ¢ 0 sin 6 cos ¢p—i sin O sin ¢
\65 sin 0 cos ¢+i sin 6 sin ¢ . V2 0
V2 COS
COS@ efiisgiine 40
— B e*® sin 0 0 e " sinf
o V2 . V2
0 - \j‘;e —cosf
e " sind
cosb =m0 a a
h e s;n@ | 0 e \/sﬁm@ b — ,uh b
0 6@\%“9 —cos @ ¢ ¢



e P sin
cosf — 1% T 0 a
e sin 6 — e " sin 6 b =0
V2 ) V2 -
€' sin @ 0 C
0 ~5  —cost—pu

Eigenvalues:

(—cosf —p)| =0

e~ sin 0 €'? sin 01 e~ ginf [ew sin 6

(cost =) | (=)= cost — ) — TR Ll |2

sin® 0 sin? 0
(cos® — p) {(—,u)(—cos@—,u)— 5 } - (—cosf —p) =0
. 29 . 29
(—p)(p? — cos® ) — S (cos@ — ) + s (cosf@+pu)=0
. 29 <2
(—p)(p? — cos® ) — i (cos® — p) + (cosf+pu) =0

(—p)(p? — cos® @ — sin® @) = 0

n=1,0,-1
p=1
e siné
cos —1l)a+ ——>b=0
( ) 7
€' sin
b—(cos@+1)c=0
7 ( )
1 —cos@
c=——a
1+ cosf
b e (1 —.cos 9)\@&
sin 6
Normalization:

2(1 — cos 0)? (1 — cos0)?

2 2 2
=1

“ T sin?g * (1+cos€)2&

1+ cosd 5 (0
a=——"—=¢cos | =
2 2

9 i 5in 6/2 9
11,1), = cos? (5) 1,1) + %_ I1,0) + sin? (§> 1, 1)

12



(cosf)a + S A

V2

it o
‘ Smeb—(cos@)c:O

V2

e cos 6+/2
e VL,
sin 6

c=—a

b:

Normalization: )
5  2cos” 0

sin? 6

B sin /2
2

a

a’?+a’=1

a

sin 0v/2
2

sin 0/2
2

1,0), = 11,1) — e cosf |1,0) — 11, —1)

e " ginf B

b=0
V2

b—(cosf —1)c=0

(cos@ +1)a +

€% sin @

V2

1+ cos@
=—q
1 —cos®

e?(1 + cos 0)\/5@

sin 6

C

b=—

Normalization:

,  2(1 —|—COS(9)2a2 N (1 —H:os@)2a2 _
sin? 0 (1 — cosf)?

1—cost) ., (0
a=———=sin"( -
2 2

1,-1), = sin? (g) I1,1) — % 11,0) + cos? <g> 1, -1)

Problem 3.19

Ao g O\ » 1 [ i0\> .2 1 [ i0\® .3
R(Qy) =e SyG/h:1+ (—%) Sy—i‘a (—%) Sy +§ <—%) Sy

a

13



. B\ 2
(3
V2
s A\ 3 0 —2¢ O
S, = (—) 2i 0 —2i | =h%9,
2 0 2 0
w A\ 2 0 =2 L
S, = (—) 0 4 0 |=n%,
2 —2 0 2
Lo 1 i0\? .2 1 iO\* .4 10\ 4 1 0\ .3
R(Q]) =1 + 5 (—%) y + Z (—E) Sy (—E) Sy + g (—E) Sy
S,? 1 —iS 1
-1 Py 2 - 4 Y - 3
+2 [ 55 (0 + 4 (6) ]+ + [(9) 50+
2 .
=1+ -2 (cosh—1)— %sinﬁ
1 0 0 cosgfl 0 170205 0 0 — Si;‘; 0
=0 10 )+ 0 cosf—1 0 +| =0 -
0O 0 1 ILQOSG 0 1—62059 0 511/159 0
l4cosf®  _ sinf 1—cosf
> . si1210 V2 s2in0
R(03) = 5 cos =
1—cosf sin @ 1+4cosf
2 V2 2
. i 2
R(65)|1,1) = cos® (g) 1,1) + Smg‘f + sin’ (g) =11, (6=0)

Problem 3.20

a)
f=1{Su =S = 1) [*|(S: = =h|S, = h) |* = | (1, 1], 1) ]| (1, =1[]1,1),,

1 2
1,1), = cos? (g) 1,1) + Smgf 11,0) + sin’ (g) 1,-1)

1 2
(1,1],, = cos” (—) (1,1 + Smgf (1,0] + sin® (g) (1,-1]

)

(\]
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(LlLAL1>::aB2(€)
2
<1,—uu,nn::$n2(g>

. 4
f = sin* (g) cos™ (Q) _ i
2 2 16

b)
h=+"
2
1
fma:r - E
c)

=111 =0

Last SGz device transmits particles with S, = 0 only:

a)
F= 1Ll 1) [P (1,001, 1), 7
0
(LlLAL1>::amz(—)
2
(Loj1. 1, = S0V
2
0 £ 2 s 2 2
£ = cost (_) sin"f _ sin 6(1 + cosb)
2 2 8
b)
d
pT [sin® (1 + cos )] = 2sinf cosf(1 + cos #)* + 2sin” O(1 + cos f)(—sinf) = 0
sinf =0
14 cosf =0:

cos (1 + cosf) — sin? @ = 2cos? 0 4 cos — 1 =0
(2cosf —1)(cosf+1) =0

0=-

COS 9
s
)=+
3

27

fmaz - @

15



c)
f=1(L0L,1) =0

Problem 3.21

J, = mh
J=Vj(j+1h

a) spin-1

1/2 V3

cosf = = —

V/2)@az+1y 3

V3
6 = arccos 3

b) spin-1

¢) macroscopic spinning top

Problem 3.22
) = capla,b)
a,b

AE |77Z)> = Z Ca,bAB |(l, b> = Z Ca,bAb |CL, b> = Z ca,bab |a’ b>

a,b a,b a,b
BA ) = ZCMBA la, by = Z ca,béa la,b) = anybb& |a, b)
a,b a,b ab

A A

AB = BA

[A,B] =0



