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Conclusion
This project develops an effective theory to describe the 
annihilation of two ferromagnetic solitons using the 
collective-coordinates approach. The goal of reducing the 
complicated behavior of infinitely many coordinates to 
only four dominant modes is quite successful. Although 
our model cannot account for all minor details in the 
magnetic texture, the large-scale behavior is formulated 
with an elegant description in terms of two domain walls 
interacting with forces and torques on each other. In 
addition to opening more topics of exploration in 
micromagnetics research, understanding the annihilation 
of domain walls has potential industrial impact. Present 
methods of hard disk production are approaching physical 
limits, following an analogous Moore’s law which is 
slowing down. Areas in applied micromagnetics research 
are dedicated to designing novel materials and methods 
which increase disk capacity and allow for efficient 
manipulation. In particular, a recently proposed 
technology, racetrack magnetic memory, relies precisely 
on domain walls in ferromagnetic nanowires for bit 
storage. Beyond its theoretical contribution, describing the 
annihilation of domain walls has significance in practical 
schemes to perform operations on domain bits.

In general, a strong agreement between theory and 
simulations is observed (Fig. 4). Although the specific spin 
profiles deviate as the two domain walls come close 
together, this is expected due to time dependence on 
additional modes. They are not completely described in 
terms of our four collective coordinates. For the 𝒁-
coordinate, the motion of the center differs from theory 
when the two domain walls have overlapped. This can be 
attributed to our infinite wire assumption. The shape of 
the soliton structure will change form once it reaches the 
edges. The analytical theory becomes inapplicable and the 
comparison no longer makes sense. For the 𝚽-coordinate, 
a phase shift error is observed as the solitons complete 
more revolutions. This is again from edge effects which 
distort the structure as the annihilation proceeds. Locating 
the center 𝒁 becomes less accurate, and these errors 
accumulate in 𝐜𝐨𝐬𝚽 as well. Finally, in this study 
demagnetizing fields created by the sample itself were 
negligible given that anisotropy effects dominate in 
ferromagnetic materials.

Introduction

Future Direction
This work provides the basis to studying the dynamics of 
more complicated topological defects such as the 
annihilation of vortices and skyrmions in ferromagnetic 
thin films. Once these theories are worked out and verified 
computationally, the next step would be to test these ideas 
on live samples. Theoretical corrections will need to be 
added to account for realistic factors such as a finite wire 
length, the three-dimensional structure of the material, 
and external electromagnetic fields on the wires.

Figure 4. Collective coordinates for initial separation 
𝜻𝟎 = 𝟒 and initial twist 𝝋𝟎: 0 (red), 𝝅/𝟐 (green) 
and 𝟑𝝅/𝟐 (blue). All quantities in natural units. 
Lines indicate predictions of theory. Dots are data 
points from micromagnetic simulations.

Figure 2. Single domain wall connecting the uniform 
states 𝜽 = 𝟎 to 𝜽 = 𝝅.

Figure 3. Pair of domain walls for different values of 
separation 𝜻 and twist 𝝋. Red and blue colors indicate 
positive and negative magnetization along axis. The 
spheres on the right show path of magnetization field.

Figure 1. The two ground states in a one-dimensional 
ferromagnetic wire.

Understanding the annihilation of topological solitons 
(Fig. 1) is of fundamental research interest in 
micromagnetics. However, the complexity of multi-spin 
systems creates difficulty in applying the Landau-Lifshitz-
Gilbert equation directly.

Because a magnetization configuration has in general an 
infinite number of modes coupled nonlinearly, an analytic 
solution for a dynamic problem is unavailable most of the 
time. Instead, a collective-coordinates method is used, 
based upon the idea of identifying a small number of 
coordinates which display the prominent features of the 
dynamic process. Using this powerful alternative, an 
effective theory can be formulated for these soft modes.

Schryer and Walker pioneered this approach to describe 
the motion of a domain wall in a ferromagnetic wire (Fig. 

2) when a magnetic field 𝑯 ∥ 𝒛 is applied. In this case, the 
collective coordinates are the two zero modes of the 
system namely, the location of the center (𝒁) and the 
azimuthal angle (𝚽) of the plane of the domain wall. Exact 
solutions for the stationary configuration can be written in 

terms of these two modes. When 𝑯 is applied, time 
dependence is assumed to be only derived from 𝒁 and 𝚽
so that the domain wall maintains its shape as it travels 
down the wire. Applying this form to the corresponding 
Lagrangian yields a successful theory using only two 
modes.

In this project, the method is applied to study a different 
problem, requiring four collective coordinates. Two 
domain walls are separated at a large distance on a 
ferromagnetic wire (Fig. 3). With energy dissipation, these 
two walls will approach each other and annihilate to create 
the uniform state.

Using MATLAB, the vector components of every spin was 
computed and exported to OOMMF for micromagnetic 
simulations. To keep track of the evolution of the 
coordinates, it is important to extract these four modes 
from the spin data 𝜽,𝝓 (𝒕) → (𝒁,𝚽, 𝜻, 𝝋)(𝒕).

Without dissipation, the complete Lagrangian of the pair 
of domain walls is given by

Beginning with the exact descriptions of stationary 
configurations parametrized by the four coordinates, our 
theory is developed through the perspective of conserved 
quantities suitable for analyzing the annihilation process. 
We transform to a new frame ෩𝑹 moving uniformly at 
angular velocity 𝜴ො𝒛 and linear velocity 𝑽ො𝒛 with respect to 
the lab frame 𝑹. The Lagrangian becomes ෨𝑳 = 𝑳 + 𝜴𝑱 + 𝑽𝑷
where 𝑱 and 𝑷 are the two conserved conjugate momenta 
to the two zero modes. These expressions are given by the 
linear momentum 𝑷 = 𝒅𝒛− (𝐜𝐨𝐬𝜽 − 𝟏)𝝓′ and the 

angular momentum 𝑱 = 𝒅𝒛 (𝐜𝐨𝐬𝜽 − 𝟏). In this case, the 

angular velocity 𝜴 and linear velocity 𝑽 act as Lagrange 
multipliers to minimization of potential energy. The 
conjugate momenta have well-defined geometrical 

meanings as the relative separation 𝜻 = −
𝑱

𝟐
and relative 

twist  𝝋 =
𝑷

𝟐
in the large separation limit and close to the 

uniform state. Once dissipation is included, the 
annihilation process begins. The equations for collective 
coordinates can be derived directly from the LLG 
equation.

To observe the annihilation process in a timely and 
detailed manner, the material parameters were adjusted 
to: saturation magnetization 𝑴𝒔 = 𝟏. 𝟎 × 𝟏𝟎𝟔 A/m, 
exchange constant: 𝑨 = 𝟏. 𝟎 × 𝟏𝟎−𝟏𝟎 J/m, anisotropy 
constant: 𝑲 = 𝟏. 𝟎 × 𝟏𝟎−𝟒 J/𝒎𝟑, angular momentum 
density 𝑱 = 𝟓. 𝟔𝟖 × 𝟏𝟎−𝟔 Js/𝒎𝟑, characteristic time scale 

𝒕𝟎 = 𝑱/𝑲 = 𝟎. 𝟐𝟖𝟒 ns, intrinsic length scale 𝝀 = 𝑨/𝑲 =
𝟏𝟎𝟎 nm, and cell size (lattice constant) 𝒂 = 𝟏𝟎 nm.


