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Abstract:
We present a survey of the physical nature of solitons in magnetically ordered crystals. The description of such solitons is based on both classical

and quasi-classical mechanics. The magnetic soliton is regarded as a bound state of a large number of elementary magnetic excitations, i.e. magnons.
Mathematical considerations of solitons in one-, two- and three-dimensional magnets are proposed. Dynamic and topological solitons, domain walls,
rotary waves, magnetic vortices and magnon drops are treated in terms of the general approach. Both ferromagnets with different types of
anisotropy (easy axis, easy plane, XYZ-anisotropy) and antiferromagnets are discussed. The difference between dynamic and topological solitons is
explained.

Introduction

This review deals with the nonlinear magnetization dynamics of ferro- and añtiferromagnets analyzed
in terms of “soliton science”. The macroscopic equations of the magnetization dynamics appear to
provide a convenient model for studying nonlinear phenomena in condensed matter. First, the
equations are of some interest as such, since they relate to a real physical object. However, they do not
provide a complete description of a real ferro- or antiferromagnet, as dissipation processes are seldom
taken into account and the magnetic dipole interaction is often disregarded. Second, the equations
allow for all types of nonlinear interactions, hence they describe correctly nonlinear effects of any
intensity. Third, the phenomenological theory of magnetically ordered media has a reliable microscopic
quantum-mechanical foundation. The parameters of the phenomenological theory are most simply
related to the parameters of the Heisenberg Hamiltonian so that the rare oppt~rtunitypresents itself of
simultaneously describing complex nonlinear effects occurring in one and the same system both in
classical and quantum-mechanical terms.

The present paper only mentions outstanding results in the mathematical aspects of the theory of
solitons in one-dimensional magnets, such as the proof of complete integrability of the nonlinear
equations, solvability of the Cauchy problem for such equations, the development of modern methods
of integration based on application of the inverse scattering method, etc. [1—3].These will not be
analyzed, because our attention will be concentrated on a discussion of the specific solutions of the
equations of the magnetization dynamics in magnetically ordered media. We are interested in the
determination of the dependence of the structure of the soliton solutions on the spatial dimension, the
type of magnetic material and the type of magnetic anisotropy. In the case of a one-dimensional
ferromagnet without an external magnetic field, the soliton solutions studied here exhaust all indepen-
dent (in the sense of the so-called asymptotic independence) localized solutions. In other cases we may
not state this. In particular, as regards two- and three-dimensional solitons, very few general statements
may be made on at least an approximate systematization of the types of solution. For this case,
however, some results are now available related to the topological analysis of solitons, as the reader will
find in its due place.

1. Classical and quantum models of ferromagnets

This paper is to describe the solitons of the classical equations of the magnetization dynamics. We shall
frequently use, however, the quantum analysis of such magnetic systems ar~ddescribe some of our
results in semi-quantum terms. Therefore we shall briefly discuss those properties of very simple
quantum magnetic systems which are within the scope of the macroscopic the~ryof magnetic solitons.

The principal assumption of the macroscopic theory of ferromagnetism is that the state of a magnetic
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crystal is unambiguously describable by the magnetization vector M; and thus, the dynamics and
kinetics of a ferromagnet is dictated by variations in its magnetization.

The magnetization of a ferromagnet as a function of space and time M(x, t) is a solution of the
Landau—Lifshitz equation [4, 5],

~=_~~MXHeff_YMX(MXHeff), (1.1)

where ,a~is the Bohr magneton and y the relaxation constant determining the motional damping of the
vector M. The effective magnetic field Heff is equal to the variational derivative of the magnetic crystal
energy with respect to the vector M,

Heff = ~ (1.2)

The magnetic crystal energy E is assumed to be a functional of M and its spatial derivatives,

E = J w{M, aM~Iaxk}d3x, (1.3)

where i, k are the coordinate indices (i, k = 1, 2, 3). Reference [6] thoroughly discusses the various
representations of this functional for ferro- and antiferromagnets.

Equation (1.3) gives the magnetic energy of a three-dimensional crystal. For two- and one-
dimensional crystals we take the formulae

E=afwd2x, E=a2jwdx,

respectively, instead of (1.3). Therefore, when considering two- or one-dimensional crystals, the
replacements d3x—~a dx2 and d3x—~a2 dx, respectively, will be used.

Equation (1.1) has the integral of the motion M2 = const. This statement is consistent with the
assumption that the length of the vector M in a ferromagnet represents its equilibrium characteristic. In
the ground state the value of M coincides with the so-called spontaneous magnetization M

0 2p~sIa
3,

where s is the atomic spin.
The quantum ferromagnetic theory proceeds from the formulation of the spin Hamiltonian for the

magnetic material under consideration. We shall use as the quantum model of the magnetic material a
system of localized electronic spins with the exchange Heisenberg Hamiltonian,

~ jnmSn~rn’ (1.4)n~m

where n and m are the vectorial numbers of the crystal lattice sites. S,, is the spin operator of the nth
site, and J,,,,, are the so-called exchange integrals. Below we shall only allow for the exchange
interaction between nearest neighbours in the lattice. Assuming that the exchange integrals are positive,
we obtain a model of an isotropic ferromagnet.

If we do not include the assumption that the exchange integral in expression (1.4) is isotropic, we
obtain the so-called XYZ model with the Hamiltonian
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~ ~ (1.5)
n,,’0

where n0 labels the nearest neighbours of each lattice site.
There are various ways to proceed from Hamiltonian (1.4) or (1.5) to the macroscopic theory. The

simplest way is to assume that the spin S is a classical vector and to formulate for it equations of motion
which are consistent with Hamiltonians (1.4) and (1.5). From eq. (1.5) we find that the interaction of
the spins is equivalent to the action of a certain effective magnetic field Heff given by

~°=~~Sn•Heff, (1.6)

— 1 ~ ~ çk \ — .~..! , — ~

~“eff1~.1k’n+no~”n_no) ~k ~~ no

The dynamics of the vector S in a magnetic field is described by the equation of motion

XHeff. (1.8)

Equations (1.6), (1.7) and (1.8) enable a smooth transition to a macroscopic description of the
dynamics of a ferromagnet in the long-wavelength approximation. In order to introduce a continuous
description of the magnetization, we define the magnetic moment of a unit volume, M, in terms of the
average spin of a lattice site,

~ S,’—~—~——M(x~), (1.9)

where a is the interaction distance.
If the angle between adjacent spin vectors is small, then the vectors S(x) and M(x) can be regarded

as continuous functions of the x coordinate, and we can write the following expansion:

M,’~,’= M(x,’) + x1(n0) + ~xI(nO)xk(nO) +~••. (1.10)

Using the procedure prescribed by eqs. (1.9) and (1.10) for the realization of the transition from the
characteristics of a discrete spin system to a continuous description of the magnetization, we can write
the expression for the energy density of a ferromagnet corresponding to Hamiltonian (1.5). When
writing the energy density, it should be remembered that the exchange interaction is isotropic in nature
and that the values of J1, J2, and J3 are quite close to each other. Because of the similarity of the
exchange constants ~ we may assume that

~1a=~1o+a
2icr, a1,2,3. (1.11)

To order a2, one can write

a~M ~M 5 2
~ a=J

0a/(2~it0), (1.12)
(~Xk vXk
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where the first term is the nonuniform exchange energy density and Wan the anisotropy energy density,

Wan = —~f31M~— ~f33M~ . (1.13)

Since the length of the magnetization vectorM is assumed to be constant, we may omit the term with
M

2 and M~.The anisotropy constants ~ and f33 for a cubic lattice are

= z(~-t)3~12 = 12 (1.14)

where Z is the number of the nearest neighbours (in the three-dimensional cubic lattice, Z = 6).
When the anisotropy energy is of the form of (1.13), we have a biaxial ferromagnet. If ~ = 0, we

have a uniaxial ferromagnet, with the anisotropy axis coincident with the z-axis. When ~ = 0, f3
3 >0,

the anisotropy is of the easy-axis type. In the ground state of an easy-axis ferromagnet the magnetiza-
tion vector is directed along the z-axis. When 1~3<0, we have an anisotropy of the easy-plane type. In
the ground state of an easy-plane ferromagnet the vectorM lies in the easy plane in the absence of an
external magnetic field and can be directed arbitrarily in this plane.

In deriving eqs. (1.12) and (1.13), the dipole magnetic interaction was neglected. This neglect is the
principal model assumption permitting us to restrict ourselves to simple nonlinear partial differential
equations.

Below, the magnetic solutions in a conservative system will be examined, i.e. with dissipation
disregarded (‘y = 0). The results in this case are certainly limited in application. However, explicit
soliton solutions of the Landau—Lifshitz equations may be obtained and a general classification
(systematics) of them constructed.

2. Magnons as elementary magnetic excitations in ferromagnets

Let us provide a quantum description of weakly excited states of a ferromagnet characterized by a
small deviation of the vector M from its direction in the equilibrium (ground) state. Denote

M=M0+m, (2.1)

where M0 is the equilibrium magnetization and m a small correction to it. Let the z-axis be parallel to
M0. Then the weakness of the excitations means that m~+ m~~ M~and in the linear approximation in
m , we may assume M~ M0. It is only in the quadratic approximation in m that the component m~

appears as a dynamic variable.
With such excitations, the free motion of the vector m resembles small harmonic vibrations of a

crystal. Like the latter, this motion may propagate as spin waves, each ofthem possessing a wave vector
k and frequency w, related by the dispersion law w = w(k). In terms of quantum physics, a spin wave
transforms into a set of quasi-particles, viz. magnons, with the energy spectrum e = !lw(k).

As usual in quasi-particle theory, the various magnon states in an infinite crystal are distinguished by
different k vectors. If the magnetic excitation energy E of the ferromagnet is small, then it may be
represented as a sum of the energies of the magnons in different quantum states,
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E = ~ hw(k)n(k), (2.2)

where n(k) is the number of magnons in state k (occupation number of state k).
In the approximation where magnons do not interact, they behave as Bose particles. Therefore, the

weakly excited state of a ferromagnet is equivalent to the state of an ideal Bose gas characterized by a
certain set of occupation numbers n,,. This fact is represented by the written form of the energy in eq.
(2.2).

The condition of validity of the macroscopic approach to the nonequilibrium crystal magnetization is
easy to formulate. The notion of the magnetization field, i.e. the concept of the vector M as a
continuous function of the coordinates, may only be introduced if the average spin wavelength is large
compared with the crystal lattice period: ak 4 1. This condition governs the range of validity of the
so-called long-wave length approximation.

In terms of the long-wavelength approximation, the quantum description of the magnetization may
be valid if the components of the vectorM(r) are not regarded as classical quantities, but as operators
with commutation relations

[M1(r),Mk(r’)] =
2i,LOelk,Ml(r)~5(r— r’) , (2.3)

where elk! is the totally antisymmetric unit tensor. It is known (see, e.g., ref. [5]) that in the linear
approximation in rn, my and m~play the role of the canonically conjugate generalized coordinates and
momenta of the magnetization field. Therefore, as was mentioned already in refs. [7—9],they may be
expressed in the standard fashion by use of the Bose annihilation and creation operators of magnons, a
and a,,,

m
1(r) = (p~0M0IV)

112~ (ak e’~’+ a e.’) , my(r) = i(
1i0M0IV)

112 ~ (ak e~1r— a e~.’)
k (2.4)

where V is the total volume.
By the definition of the Bose annihilation and creation operators,

a~a~= nk, a~a~= nk + 1. (2.5)

The expression for m~,as consistent with eq. (2.4), is

m
2(r) = ——~ ~ a~a,,~ (2.6)

It is known that more precise expressions for the spin operators in terms of the Bose creation and
annihilation operators of magnons in any consistent scheme involves expansion in the parameter 1 I’./~.
In particular, the commonly used Holstein—Primakoff scheme [7] may only ~e used when 1 Iv~41.
Without going into details of the foundations of the quantum theory of the magnetization field, we shall
consider all conditions that should be fulfilled.

Let us go back to eq. (2.6). The total change of the z-component of the vector of the magnetic
moment of the whole crystal is
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f m~(r)d3x = —2~~~ aa~= —2~~~ ~ (2.7)

It immediately follows from eq. (2.7) that each magnon decreases the equilibrium magnetization by ~
and corresponds to a “flip” of one electronic spin (one spin deviation). On the other hand, the number
N of magnons in the excited state of a ferromagnet is defined as the total number of spin deviations,

N=—~--jm~(r)d3xns~-_J[Mo_M~(r)]d3x. (2.8)

We shall use definition (2.8) for the number of magnons below, in the macroscopic description of the
magnetization field.

In the quantum description, the role of the Hamiltonian of the magnetization field is played by the
magnetic energy (1.3), whose density is a function of the vector M and its space derivatives. If the
Hamiltonian is given, that is, if the magnetic energy density is considered to be known, then eqs. (2.4)
and (2.6) permit the magnon energy spectrum to be determined by mere diagonalization of the
Hamiltonian.

The derivation of the magnon dispersion law is almost trivial in the case of a uniaxial ferromagnet
with easy-axis anisotropy. Let us neglect the magnetic dipole interactions (this may be justified, e.g., on
the assumption /3 ~ 4ir). The magnetic energy (1.3) counted from the classical ground state energy of
the ferromagnet is

~ (2.9)

Let us substitute eqs. (2.4) and (2.6) into (2.9), keeping only the terms up to second order in the
operators a,,~and a, and integrate over the volume,

1fF f~m\2 famy\2 1 ~E~JLa~—~-S)+a~-~—)—2f3M
0m~jdx

2 + + +
= ji0M0 [ak (ak a,, + a,,a,, ) +

2f3ak akl.
k

Now use eqs. (2.5) to obtain

E=E
0+~ e(k)nk, (2.10)

where E0 is the zero-point energy of the magnetization field, and

e(k) fu(k) = 2/3~0M0[1 + (aI/3)k
2]. (2.11)

Introduce the standard notation

hw
02f3~0M0, l~—aI/3, (2.12)

where w0 is the homogeneous ferromagnetic resonance frequency and l~the characteristic magnetic
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length. Then eq. (2.11) is simplified to

e(k) = /1w~[1+ (l0k)
2] . (2.13)

We see that the magnon energy spectrum has a gap hw
0. Usually it is supposed that 10 ~‘ a. Then, even

in our long-wavelength approximation (ak 4 1), wave vectors for which l0k ~ 1 are quite possible.
Therefore, the dispersion law (2.11) quadratic in k is valid in an energy range much wider than the gap
~ Figure 1 represents the dispersion law (2.13), with the slope of the straight line determining the
minimum magnon phase velocity: Vm = 2w010.

Calculation of the Hamiltonian of the magnetization field beyond the harmonic approximation allows
the magnon interaction to be described. Let us analyze the magnon interaction in an easy-axis
ferromagnet. We are interested only in the interaction, which is preserved in the limit k—~ 0. It appears
that such an interaction is totally due to magnetic anisotropy. To provide its description, it is enough to
calculate the last term of eq. (2.9) in the first anharmonic approximation. Let us again substitute eqs.
(2.4) and (2.6) into (2.9) and expand the energy keeping fourth-order terms in the operators a,, and a,

E=EO+~.s(k)nk+~r4. (2.14)

The last term in (2.14) is

/ \2 ~

— __/)Q1 ~±Q~ I ~ + + —i(k—k’+k1—kj).r
— ~ \ VI J x a,, ~ a,~e

2
1’V + +

= 2f3p.
0 ~ Z1 ak ak,akak,zl(k — k + — k1), (2.15)

where the sum is calculated over all wave vectors and ~(k) = 1, k = 0, zt(k) = 0, k ~ 0.
The operator ~,on the one hand, leads to renormalization of the gap in the magnon spectrum,
= — ~ 2S, which is negligible for 2S ~ 1, and on the other hand, describes the magnon interaction.

The two-magnon interaction Hamiltonian is
~ 2~p~(LoV++ ,

= ——-f— LI akak~akakIi(k+ k — — k1). (2.16)

Fig. 1. The dispersion law of spin waves in a ferromagnet.
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The Hamiltonian of eq. (2.16) may be generated by the following potential of the contact interaction
of two quasi-particles:

U(r) = —U0a
3~(r), U

0 = 4$p.~Ia
3, (2.17)

where r is the distance between the particles.
Thus, the magnon interaction in a ferromagnet with easy-axis anisotropy is attractive in nature.

Otherwise, long-wavelength magnons in the ferromagnet under consideration are characterized by a
tendency to accumulate in some region of space.

Our conclusion is that magnons in an easy-axis ferromagnet attract each other, and this attraction is
responsible for the macroscopic phenomena that are associated with the appearance of spatially
localized magnetic excitations [10—12].

3. Dynamics of the magnetization in ferromagnets

The components of the vector M are best described as (see fig. 2)

M~+iM~=M
0sinOe’~, M~=M0cosO, (3.1)

where 0 and ~ are called angular variables.

The equations of the dynamics of the magnetization in the angular variables 0 and ~ have the form
ao 2~t0 ~E . ~iq~ ~ ~Es1nO-~---=—KM_~—, sinO-~--=~-~--~, (3.2)

where the variational derivatives of the energy, eq. (1.3), appear in the right-hand sides.
Considering eqs. (3.2) as equations for a field of 0 and ~, we can introduce the Lagrange function of

this field. The Lagrange density for the field is [13—15]

L=~~(1—cosO)~—w, (3.3)

Fig. 2. The angular variables for the magnetization M.
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where w is the energy density. The expression for the Lagrange density (3.3) is written so as to suit the
calculation of the integrals of the motion for localized magnetic excitations in a ferromagnet with
ground state corresponding to 0 = 0. In particular, it is convenient for describing the dynamics of
easy-axis ferromagnets.

Obviously, eqs. (3.2) for a uniform ferromagnet will possess two integrals~of the motion: the total
energy (2.3) and the total momentum of the magnetization field,

3 0 3P=—j ~-V~dx=—-j—-—j(1—cosO)V~~dx. (3.4)
~/L0

If the energy density does not depend on ~, e.g., when the angle ~ is a cyclic coordinate, eq. (3.2) has
an integral of the motion coincident with the z-component (projection) of the total magnetic moment.
This integral of the motion is as follows:

N=~-J(1_cosO)d3x, (3.5)

and it has the sense of the mean number of spin deviations from the ground state 0 = 0 in a localized
magnetic excitation. If N is much greater than 1, it may be considered to be an integer. The
requirement that the quantity N in the classical relation (3.5) should have integer values is equivalent to
the quasi-classical quantization of the corresponding solution of eq. (3.2). After quantization, N can be
called the number of magnons in an excited crystal [16, 17]. Then the magnon density will be given by
the expression

n=(M0I2~0)(1—cos0). (3.6)

In a uniaxial ferromagnet there appears one more nontrivial integral of the motion, namely the

angular momentum of the magnetization field,
K2=_J~4(rxVq,)5d3xr_~~f(1_cos0)(x~ _y~)d3x. (3.7)

Let us return to the explicit equations of motion (3.2) and rewrite them for the angular variables,

l~~W— [1+ 1~(Vç)
2]sin 0 cos 0 + —k— ~ sin 0 = 0, (3.8)

(00

~ div(sin20 Vco) — sin 0 0, (3.9)

where 4 is the Laplace operator; the magnetic length 10 and the characteristic frequency w~were defined
above in eq. (2.12).

Equations (3.8) and (3.9) may be used for a long-wavelength description of the dynamics of a
ferromagnet only provided l~~‘ a. This inequality will be assumed below.

We note that eq. (3.9) has the form of a continuity equation for the spin flux,

anI3t+divj=0, (3.10)
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where n is the magnon density and j the spin flux density [5, 18],

j= —M~(aIh)sin20Vq~. (3.11)

The differential equations (3.8) and (3.9) must be supplemented with boundary conditions. We shall
examine below only localized magnetic excitations, i.e. magnetic solitons. We shall assume, therefore,
that the medium is in the ground state at infinity.

Before dealing directly with solitons, let us examine spin waves in an easy-axis ferromagnet. These
waves describe the precessional waves of the magnetization vector M with a constant amplitude,

0= 0
0=const. , ~ = wt—k~r, (3.12)

where k is the wave vector and ~ the precessional frequency in the laboratory frame of reference.

The spin waves are characterized by the following dispersion law:
= wjl + (k10)

2] cos 00 . (3.13)

We see that the frequency of the spin wave generally depends on its amplitude 0~.In the small-
amplitude limit (0~—~0) the dispersion law takes the familiar form

to = w~[1 + (k!
0)

2]. (3.14)

Equation (3.14) is the exact long-wavelength limit (ak 4 1) of the dispersion law for the elementary
quantum excitations of a uniaxial ferromagnet, eq. (2.17). Hence the dispersion law of a macroscopic
linear magnetization wave is the long-wavelength limit of the dispersion relation of magnons.

The plot of the dispersion relation (3.14) was shown in fig. 1. Remember that the relation is
characterized by a gap w~in the frequency spectrum and a minimum phase velocity of magnons
Vm = 2w~!~.The range of allowed values of the magnon frequency i~wis determined by the so-called
exchange frequency z~w-~ = 2~

0aM0/ha
2= w

0(101a)
2. The dispersion law (3.14) is therefore of very

wide application, the only restriction being that the inequality w(k) ‘~~~exhold.
Spin waves with dispersion law (3.14) will be called linear spin waves. Note that the curves of the

dispersion law (3.13) lie below the parabola in fig. 1.
The dispersion law (3.14) is written in the laboratory frame of reference. In our discussion below we

shall concentrate on the dynamics of localized excitations, which are characterized by the group velocity
rather than by the wave vector. We shall therefore rewrite eq. (3.14) in the reference frame moving
with the group velocity of the linear spin wave v = a~Iak= Vm(l

0k). In such a reference frame, we have

W=W~k•V=Wo[1~(VIVm)1. (3.15)

A plot of the dispersion law (3.15) is shown in fig. 3 as the parabola AA. It is easy to see that the
nonlinear spin waves with dispersion law (3.13) correspond to the region that lies below this parabola.

The integral of the motion N, i.e. the number of magnons, has no sense for a spin wave since the
integral in eq. (3.5) diverges. But the magnon density in the spin wave can be introduced,

n = NIV= M00~I4p.0.
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(a)
(A

AWA’/ A

Fig. 3. The region of existence of solitons in easy-axis ferromagnets.

Thus, as it should be, the spin wave amplitude 0~is proportional to the square root of the magnon
density.

Now we can find the spin wave energy per magnon,

E/N=hw(k), (3.16)

which is consistent with the quantum definition ofthe energy of an individual magnon. This suggests the
validity of the above quasi-classical quantization of the solitons of the Landau~—Lifshitzequations. The
spin wave momentum per magnon is

PIN=lIk, (3.17)

which is in complete agreement with the hypothesis that individual magnons have momentum Ilk.
Finally, the spin flux density (3.11) in the wave is

j=nv, v=2w0l~k, (3.18)

where v is the group velocity of the linear spin wave.
In the nonlinear approximation, a spin wave of finite amplitude 0~is unstable. The instability of these

waves follows directly from the well-known Lighthill criterion [19],and the instability region for the
nonlinear spin waves is the area below the parabola in fig. 3. The physical cause of this instability is
attraction between the magnons forming the spin wave.

For 0~4 1, the coherent magnon density in the spin wave is

n = (M0I4~0)0~(1—

Using this result, we calculate the spin wave energy for n 4 M011i0. Then, in the long-wavelength
approximation,
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E = ~/3M~f [1+ (10k)
2] sin2O

0 d
3x J ll~(k)n(1— ~- n) d3x

fhw(k)n d3x — ~ J U~a3n2d3x, (3.19)

where a3U
0 = 4/3~.Here the first term is the energy of free (noninteracting) coherent magnons forming

a macroscopic spin wave. The second term can be treated as the energy of magnon interaction
(attraction) calculated in the self-consistent field approximation. It follows from eq. (3.19) that the
magnon interaction energy is (]~= ?lw0Is. This is not the first time that we are speaking of the magnon
attraction. In fact, it was by referring to the quantum interaction Hamiltonian (2.16) that the same
interaction amplitude (J~was derived.

Because of the attraction, a cluster of magnons in the wave tends to self-localization. In a certain
sense, the attraction of magnons is critical for a one-dimensional ferromagnet because it produces a
bound state of quasi-particles (magnons), i.e. self-localization. In a three-dimensional magnet the
attraction can also produce a bound state, but since it is insufficiently strong (U0 4 ~e), it cannot
produce a bound state of a small number of magnons. However, as we shall see below, a large number
of magnons do form a bound state. Therefore, in a ferromagnet of any dimension, rather high
excitations can give rise to localized magnetization states. Any localized stable solutions of the
dynamical equations for the magnetization (3.8) and (3.9) will below be called magnetic so!itons.

Magnetic solitons of a general type are given by the following solutions of eqs. (3.8) and (3.9):

00(r—Vt), çowt+~i(r—Vt), (3.20)

where the function 0 vanishes at infinity (0 = 0 for r = co) and grad cit is limited for r = co~The arbitrary
parameters V and to have a simple physical sense: V is the translational velocity of the soliton, to is the
precessional frequency of the magnetization in the frame of reference moving along with the soliton.
Such a solution will be called a precessional soliton. Precessional solitons are stabilized by the integrals
of the motion E, P and N, and hence they are dynamic solitons.

Let us consider the change of the energy, eq. (2.3), in response to small variations of the functions 0
and ~, remembering eq. (3.2),

= J ~w d
3x = J (~~io+ ~ d3x = !~12J (sin 0 q~~0 — sin 0 &~3~)d3x. (3.21)

Allowing for eq. (3.20), we rewrite (3.21) integrating by parts,

6E = ~ f sin 0 ~0 d3x — V J [(1— cos 0)V6i/i + sin 0 (Vcii) ~0] d3x.

Since

MI~N=—~- I sin060d3x,
2~s

0.’

= — ~ J [(1— cos 0)V~ç1r+ sin 0 (Vcii) ô0] d
3x,
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we arrive at the following relations [16,20, 21]:

SE=Ilw~N+V~P, (3.22)

V= (aE/aP)~,, /1w = (aE/aN)~. (3.23)

The first relation in (3.23) is a canonical equation of motion and the second one indicates that /1w is the
excitation energy of one reversed spin in a bound state of magnons.

Thus, the precessional solitons are two-parameter solutions of eqs. (3.8) and (3.9) and are
characterized either by the pair of independent dynamical quantities V and to or by the pair P and N.

In conclusion, we think it suitable to add the following remarks on the quasi-classical quantization of
magnetic solitons. The condition N ~ 1 suggests a macroscopic character of the magnetic excitations
under consideration and therefore their macroscopic description. However, in a classical oscillation,
both the amplitude and the phase of the nonlinear wave ~ are defined. We saw that the wave amplitude
is governed by the value of N. But the uncertainty relation requires the ~ollowingto be fulfilled:
~q,~N — 1. Thus, in the quasi-classical description, one may at most be certagn that the phase has the
uncertainty &q~ N112 and the number of quanta N has the relative uncertainty ~NIN
Therefore, a semi-classical description is indeed valid only provided N ~ 1.

4. Soliton solutions for the nonideal Bose gas of magnons

Let us write the Landau—Lifshitz equation in vector form for an easy-axis ferromagnet in the absence
of a magnetic field,

~— ~+aMX4M+/3Mxe
3(M.e3)=0, (4.1)

where e3 is the unit vector along the z-axis.
Take into account the fact that M

2 = M~= const. and introduce a single complex function ~P,instead
of two independent of components M,

M+iM
= 2(~M

0)
1~’ M~= M~(1 ~ 0 ~2) (4.2)

Equation (4.1) will thus have the form

i/l. —2ap,
0M~M’+ 2a,a0 ~I’4M~+ 2/3p.0M~~P=0. (4.3)

Let us consider small deviations of the vectorM from the equilibrium direction (along the anisotropy
axis). Small deviations of the magnetization (04 1) correspond to the values~2~I 2 ~ M0 for which
M2 = M0 — 2 and therefore 2 = n, where n is the magnon density. In the long-wavelength
approximation, where l~V 4 1, eq. (4.3) may be simplified, by keeping only the nonlinear terms of the
order of the magnitude of ~ As a result, we have the following Schrodinger equation:
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~ (4.4)

2 2 3 2h/2m=1°lw010, U0a =4f3~s0. (4.5)

Equation (4.4) implies the following self-consistent equation for the Bose gas energy:

E = f (~-~-v~i’I2+ hw
0~P~— ~uoa3i~i’i~)d

3x. (4.6)

Equation (4.4) has been well studied, and the “soliton” aspect of its solutions is described in ref. [3].
In the linear approximation, eq. (4.4) describes spin waves with the dispersion law (3.4). In the

general case, eq. (4.4) may be treated as a nonstationary equation of the Hartree self-consistent field
for a Bose gas of magnons with attraction. The magnon effective mass m and the two-magnon
interaction energy ~ are given by eq. (4.5).

A spin wave may be regarded as a cluster of a macroscopic number of coherent magnons. Because of
the attraction, the magnon cluster tends to be localized, and thus the spin wave becomes unstable. The
developing instability causes magnetization localization and brings about a solitary wave. We are going
to see that a stationary solitary wave is a stable solution to eq. (4.4).

When describing the magnetization dynamics with eq. (4.4), we rewrite it for the one-dimensional
case. Then the complex function will depend on the only space coordinate x and be normalizable by the
condition

a2J I~2dxN.

Equation (4.4) admits a localized soliton solution satisfying the boundary conditions 1J~= 0 for
x = ±oo. This solution has the form

/ )~7 \1/2
~ ________ I jut~[‘(x,t) = 2 sech(xIi~x)e , (4.7)\2&ra /

where z~xis the size of the soliton localization region,

2 ii2/i 1 4sa (t
0\

(4.8)

and to the soliton precession frequency,

to = — (ma
2/8h3)U~N2. (4.9)

The solution (4.7) describes a bound state of N bosons, whose average density is

p(x) = a2I~I’~2= ~4~—sech2(x/~x). (4.10)
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The total energy of the bound state is

E=IlwN+ ~a3U
0N

2J ~4dx=hw
0N— rnUa N

3. (4.11)

The magnon density (4.10) and the total energy (4.11) found in the Hartree approximation may be
obtained in another way. Let us consider a one-dimensional system ofN Bose particles with dispersion
law (2.13) and the two-particle attraction energy

~jnt = —aLl
0 ~ 5(x, — x1), (4.12)
‘<I

where U0 is defined by eq. (4.5). The quantum problem of the ground state of such a system may be
solved exactly [22]. This solution gives a bound state of bosons with energy

E = —(mU~a
2I24/12)N(N2— 1). (4.13)

References [23,24] show that for large N (N ~ 1) the boson density in the bound state is as in eq.
(4.10). We see that the energy of (4.13) also coincides with (4.11) for N>> 1. This means that the
magnon distribution in a quantum complex coincides with the magnetization distribution in a magnetic
soliton. This agreement between the classical and quantum results for the excitation energy spectrum
and spatial distribution confirms our interpretation of a magnetic soliton as a bound state of a large
number of magnons.

If magnons were purely Bose particles with pair interaction (4.12), then a growing number of
magnons N would make the bound state denser, and for N—~co the system would suffer collapse. But
since magnons are Pauli rather than Bose particles, their high density makes their effective repulsion
important. Therefore, there occurs no collapse, and the magnon density rbmains below a certain
maximum value. In classical terms, this means that the angle 0 may not take on values higher than ir.
Thus, these conditions are favourable to development of a stable bound state of a large number of
magnons. This is what we think is the physical reason of the magnetic soliton’s ability to exist.

The experience of studies of the particle density in a model one-dimensional system of bosons with
three-body repulsion at small distances [23]supports the above conclusion. Add to the interaction
energy (4.12) a term representing three-body repulsion,

2a2W
0 ~ i5(xl—xJ)ô(x1—xk), W0>0. (4.14)

i <j<k

Including this term into the self-consistent field, one arrives at the one-dimensional equation

~_- ~
4+hwoP_Uoa3J~PI2~P+Wja6~pl41p=O. (4.15)

The expression for the total self-consistent energy of the gas is now

~ ~U
0a

3I~PI4+~Woa6I~1i6)dx. (4.16)
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Equation (4.15) admits two uniform solutions:
(1) the vacuum state, ~P= 0 (N = 0), and
(2) the state

I~ ~ p0=const. , r=hw0—U0ap0+W0a
2p~. (4.17)

The latter one describes a uniform distribution of bosons, corresponding to N—3co (if the one-
dimensional system has a fixed length L, then N = p

0L). The equilibrium density p0 is to be found by
setting the pressure equal to zero for fixed N,

P = p
2 ~- (~)= —~ap2j~—(U~p— ~aW

0p
2)= — ~ap2(U

0— ~aW0p)= 0. (4.18)

It follows from eqs. (4.18) and (4.17) that

p0=3U01(4aW0), e0nse—hw0=—~U0ap0. (4.19)

This Bose gas model resembles an easy-axis ferromagnet with two ground states 0 = 0 and 0 = ir in
that it also has two uniform states. In contrast to the ferromagnet, however, those in the Bose gas are
physically different states: one of them corresponds to a vacuum, and the other to a liquid-type
condensed state with density p0. If the states coexist, they must be separated by an interface, an
analogue of the domain boundary in the ferromagnet.

Against the background of each of the two uniform states, there may arise a localized excitation — a
soliton. In vacuum such an excitation is a cluster of a finite number N of particles described by a
normalized solution of eq. (4.15) with the magnon density

— p0 sinh(NIN1) tanh(N/N1) 4 20
p(x) — cosh(N/N1) + cosh[(x/10) tanh(N/N1)I ( . )

and the Hartree single-particle energy

= ~ tanh~(NIN~). (4.21)

We used the following definitions for the characteristic linear dimension 10 and the characteristic number
of bosons N1:

= 2h
2W

0I(3mU~), N1 =

With a small number of bound particles, N4 N1, eq. (4.20) transforms into the square of eq. (4.7)
and eq. (4.21) into (4.9), where e = /1w.

From analysis of eqs. (4.20) and (4.21) it follows that with a growing number of bound particles N,
the parameter e tends to a constant ~ and the magnon density p(x) develops a high plateau p(O). Figure
4 shows a plot of the particle density (i.~being the plateau width and 10 the transition layer width). The
plateau height, i.e. the maximum particle density, tends to a constant limit p0. For such densities, the
three-body repulsion comes into play, preventing further growth of the density. The transition zone
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p(x)

I Fe
~

1•Q ~ ~ to ~
Fig. 4. The magnon density in a bound state for N ~‘ N,.

remains finite for N—* co, and the width of the localization region, 4 Nip
0, increases linearly with

increasing number of magnons. Addition of more particles to the system results in an increased size, for
practically constant density and binding energy.

The constancy of the binding energy for N ~‘ 1 may be explained by considering the dependence of
the total energy per particle on N. The following expression for the energy per particle is easily
obtained:

EIN = e0[1 — (N1IN) tanh(N1N1)].

For sufficiently large N, it tends to a constant negative value, E/N = = —3U~i(16W0),which is the
particle binding energy.

The bound state of N particles (N ~ 1) with practically constant density and binding energy may,
naturally, be considered as a condensate droplet state of the system. Thus, we have obtained
condensation of the Bose gas at T = 0 K. in ordinary coordinate space.

A forming droplet is bounded by transition layers of width l~.The particle distribution in the
transition layer is to be obtained from eq. (4.20) in the limit N—+ co• In order to derive this limit, it is
necessary to choose a coordinate frame with the origin at the centre of the transition layer [25],

p(x) = p0[l + exp(xIl0)]~. (4.22)

Returning to eq. (4.20), note that the soliton centre is at rest. However, because of the Galilean
invariance of eq. (4.15), the following may be stated. A soliton moving with a constant velocity V is
given by the function

~P(x,t) = e_~~typ(x— Vt) eim~’ ~Vt) , (4.23)

where p(x) is defined by eq. (4.20). However, the relation of the single-particle Hartree energy to the
number of bosons N is now different,

e + ~mV
2 = s

0 tanh
2(N/N

1). (4.24)

There arises also a new integral of the motion, namely the total momentum of the soliton, P, which in
case of the dynamic equation (4.15) is written in a trivial way,
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PmNV. (4.25)

Thus, the solution (4.23) and eq. (4.24) determine a two-parametric soliton. The parameters are e
and V. The relationship between the pair of parameters N and P and the pair e and V is clear from eqs.
(4.24) and (4.25). It follows from (4.24) that the region of V and ~ for which there exist soliton
solutions is specified by the inequalities

~E0~<e+ ~mV~<0. (4.26)

In the (V, e) plane it is the area between the two parabolas of fig. 5. Parabola I is a plot of the

free-particle dispersion law,
e(p)=p

2i2m, (4.27)

in the reference frame moving with the group velocity, if the energy is represented as a function of the
group velocity,

= ~(p) — pv = ~(p) — p a~Iap= — ~mv2.

We see that the one-particle Hartree energy of a soliton moving with velocity V lies below the energy of
a free particle with the same group velocity.

Parabola I is the curve on the (V, s) plane corresponding to N = 0. The curve for N 4 N
1 is almost

identical to parabola I. As N increases, the points (V, e) approach parabola II. The point V 0, e =
represents the solution of eq. (4.22), which is the domain boundary at rest. All the other points of
parabola II correspond to moving macroscopic drops for which N—~co, P—s. co, though the velocity
V= (1 im) limN.~,.(PIN) is limited.

Let us consider now the possibility of soliton formation against the background of the homogeneous
state p = p0. Such a soliton can indeed be obtained by eq. (4.15) and it has been described in ref. [25].
We shall, however, analyze it from a different viewpoint.

Remember that the formation of a condensed boson state under zero external pressure is due to the
three-body repulsion that compensates the two-body attraction. But if the external pressure is nonzero

Fig. 5. The region of existence of two-parametric solitons in a Bose gas.
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(p > 0), a condensate may form even in the absence of particle attraction. If we take a Bose gas of
particles with repulsion (aU0 = — g0 <0), a nonzero homogeneous gas density will be provided by the
external pressure. Equations (4.18) and (4.19) suggest for W0 = 0 and p >0 that in such a state

s0=g0p0, p~=2pig0. (4.28)

The dynamics of a gas of particles with repulsion is given by an equation similar to (4.15), namely

ih~=—~---~ g0>0. (4.29)

This is the classical analogue of the Pitaevskii—Gross equation [5,26, 27] for a slightly imperfect Bose
gas with particle repulsion.

The ground state characterized by the parameters of eq. (4.28) is phase degenerate; therefore the
excitation spectrum of such a system is gapless, that is to say, the Bogolubov spectrum of the nonideal
Bose gas (cf., e.g., ref. [5])is

to = ck\I1 + 11
2k212ms

0, c
2 = e

012m. (4.30)

It is obtained by simply putting

t’=(V~+fle~°~’,~
24p

0,

and linearizing eq. (4.29) with respect to the complex function ~(x,t).
Let us return to the magnon gas in a uniaxial ferromagnet. The magnon interaction was due to the

anisotropy energy and the attraction to the positive value of the anisotropy constant (/3 > 0).
Therefore, it is reasonable to expect that the magnetic excitations in a unia.xial ferromagnet with
easy-plane anisotropy (/3 <0) repel each other. The magnon gas in an easy-plane ferromagnet may
accordingly be described by eq. (4.29), where 2 gives the density of spin deviations from the ground
state, where 0 = ir12. Then the parameters of eq. (4.29) or the dispersion relation (4.30) should have
the following order of magnitude:

= 2I/3~/L0M0, h
212ms

0 l~= aI~f3l. (4.31)

But apart from plane-wave-type Bogolubov excitations (magnons) with dispersion relation (4.30),
there may exist in the one-dimensional Bose gas some other low-energy l~ca1izedexcitations, first
discussed in ref. [28].In this reference quantum microscopic equations based on the Hamiltonian of
Bose particles with a 5-like repulsion were analyzed and a novel class of excitations in the one-
dimensional Bose gas was obtained. Later [29]these excitations were shown to be soliton solutions of
the nonlinear Schrödinger equation (4.29), and the parameters of this equation are in a natural way
expressed through the characteristics of the interacting Bose particles. A solitOn moving with velocity V
along a one-dimensional Bose gas is given by [30]

~P(x,t) = !Iç(x — Vt) e~’~°’~’
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where s,~is the single-particle energy (4.28) corresponding to the ground state of the gas and the

function ~P(~) is specified as
= —V~{V/c — i~1— (V/c)2 tanh[(~il

0)\/1 — (VIc)
2]} , (4.32)

where the square of the modulus of ~Pmay be represented as

= I~~
1(~)l

2= p
0{tanh

2[(41!
0)\/1 — (V/c)

2] + (V/c)2 sech2[(~/!
0)V1 — (Vic)

2]} , (4.33)

where ~= x — Vt.
Clearly, for x = ±co the gas is in equilibrium [p(cc)= p

0] and in the centre of the soliton (x = Vt)
there arises a cavity, p(O) = (Vic)

2p
0 < p0. Thus, the soliton solution (4.32) describes a moving cavity

with considerably rarefied density (analogous to a pore or a bubble in the condensed phase of matter).
This has been the reason to call this type of excitation a dark soliton or a hole [25,31]. Thus, excitations
over the condensate in the nonideal Bose gas are subdivided into the Bogolubov spectrum and hole-like
soliton modes [32].

A dark soliton at rest (V = 0) has a localization region of the order of magnitude of t~x—~1~and has a
zero-density cavity [p(O)= Olin its centre (fig. 6, curve 1).

The velocity V = c is maximal for a dark soliton; when it has this velocity, it is completely smeared
(its localization region t~.x= l~i[1— (Vic)

2]~2goes to infinity) and p in its centre becomes equal to the
density p

0 at infinity. Curve 2 in fig. 6 is for V~c.
In an easy-plane ferromagnet, the square ~ ( ~)I2 is proportional to the deviation of the magnetiza-

tion M from the “easy” plane, i.e., to the value of M~,if the z-axis coincides with the crystal magnetic
axis. The equilibrium magnitude of M~,at infinity (x = ±co), may be governed by the magnetic field
parallel to the z-axis. The phase of ‘P1( ~)in eq. (4.32) may be related to the direction of the projection
of M onto the “easy” plane.

The two-dimensional analogue of an immobile dark soliton is a vortex in the nonideal Bose gas,
which is to be considered with respect to the two-dimensional variant of the nonlinear Schrödinger
equation (4.29),

i/I a’P/at = —(h
2/2m)M’ + g

0~1It~
2Ve. (4.34)

2

Fig. 6. The distribution of the magnon density for a dark soliton: (1) V= 0, (2) V—~c.
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Let us use polar coordinates (r, x) and represent the solution of (4.34) as

= 4s(r) e0/t4~~( . (4.35)

The function ~(r) is a solution of the following equation:

-!~-(~ ~! 4-p) + (e0 — v
21r2)cb — g

0~
3= 0, (4.36)

2m dr rdr

satisfying the obvious condition at infinity ~(co) = \/~. On the other hand, it follows immediately from
the properties of eq. (4.36) that, when r—~0, the function 4(r) has the standard expansion

Therefore, for v ~ 0, in the centre of the nonuniform distribution of the Bose gas (r = 0), the density
goes to zero as

~ ,

The nonlinear equation (4.36) with the above boundary conditions may be solved by numerical
integration. The solution for a vortex with v = 1 was found in ref. [27].A plot of /.(r) is shown in fig. 7,
where r

0 = /1 /\/ 2mg0 p0. The density distribution near the vortex axis is indeed similar to that in the
dark soliton (fig. 6).

An equation similar to (4.36) was used in ref. [33]to describe a magnetic vortex in an easy-plane
ferromagnet in a strong magnetic field, when ~ 41.

t1(r)

Fig. 7. The distribution of the boson density for a vortex with v 1.
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5. Dynamic and topological solitons

Localized states of the magnetization, or solitons, are often stabilized by E, P, or N-type integrals of
the motion given in the previous sections. We shall call them dynamic solitons. Dynamic solitons exist
as stationary states only in so far as the E, P and N values are prescribed. If small perturbations that
disturb these integrals of the motion are included into the equations of motion, then the dynamic
solitons can be reduced to a uniform magnetization by continuous deformation so that the excited
ferromagnet makes a transition to the ground state. A dynamic soliton is sometimes said to be
topologically equivalent to the ground state. The diagram in fig. 8a represents a magnetization state of a
one-dimensional ferromagnet topologically equivalent to the ground state.

But the dynamic equations may have special solutions which are generated by the structure of the
equations themselves and related to the overall symmetry of the magnetization field. In particular, this
symmetry is seen in a uniaxial ferromagnet as a degeneracy of the ground state (vacuum): 0 = 0 and
0 = ir. The one-dimensional solution of the Landau—Lifshitz equations, as it were, connecting the two
vacua (the domain wall in fig. 8b) describes an inhomogeneous state of the magnetization which cannot
be reduced to the ground state by any finite deformation. Such solutions are usually topologically
specific ones, and we shall call them topological solitons.

There are several simple topological statements which permit the situation with topological solitons
to be explained. We introduce the unit vector m = M1M0, which maps the ferromagnet space onto the
surface of a unit sphere (fig. 9). For a uniaxial ferromagnet, the equator divides it into two physically
equivalent hemispheres with the poles 0 = 0 and 0 = ir, which indicate the equilibrium positions of the
magnetization.

In a one-dimensional ferromagnet the unit vector rn(x) is dependent on a single coordinate, so any
solution must be matched by a line on the unit sphere. A dynamic soliton of the type shown in fig. 8a
matches the loop a in fig. 9, which starts and ends at one of the poles. Such a loop can actually be
constricted, by continuous deformations, to the pole 0 = 0, that is, it changes to the ground state. Line
b in fig. 9 corresponds to a domain wall, one end (0 = ~r)corresponding to x = —co and the other (0 = 0)
to x = co~By definition, this line passes through both poles and thus cannot be constricted to a point.

8

(ii r~. i ‘-.-i i~
_ 4~L~J7

0 —
Fig. 8. The distribution of 9 for one-dimensional magnetic solitons: Fig. 9. The trajectory of the magnetization for one-dimensional mag-
(a) nontopological, (b) topological solitons. netic solitons: (a) nontopological, (b) topological solitons.



AM. Kosevich et a!., Magnetic solitons 141

We see that in a uniaxial ferromagnet a solution defined as a localized perturbation of the
magnetization field (0 = 0 when x = ±co)can only exist as a dynamic soliton. It is topologically unstable.
But a domain wall is stable.

If we attempt to include topological solutions of the domain wall type into the definition of solitons,
we shall have to expand it. Below we shall understand solitons as any inhomogeneous magnetization
which corresponds to the ground state at infinity. Then the states need not be the same at infinitely
distant points x = ±co.

Topological solitons can be divided into two groups, according to the magnetization localization. If
the magnetization distribution is uniform away from the soliton, and if it corresponds to the same
ground state of the ferromagnet, then the soliton is said to be a localized soliton. If at a large distance
from the soliton the magnetization depends on the coordinates, i.e. if it has different limiting values in
different directions, then the soliton is said to be a nonlocalized soliton.

In two-dimensional solitons the magnetization depends on the two coordinates of the (x, y) plane.
These solitons are straight line topological singularities of the magnetization field in 3D space.

In the case of a two-dimensional soliton the vector m(x, y) maps the (x, y) plane onto the unit
sphere. If the soliton is localized, all the points at infinity on the (x, y) plane ~tremapped onto a single
point on the sphere. For a nonlocalized soliton all the points at infinity of the (x, y) plane are mapped
onto a line on the sphere. Accordingly, the solution of the Landau—Lifshitz equations which describe a
localized soliton maps the plane on the sphere with distinct points at infinity. This elementary geometry
enables us to formulate a very convenient criterion oftopological stability of a soliton corresponding to
the ground state 0 = 0 at infinity. There is a topological invariant (the degree of mapping or the
topological charge) which is related to the solution under question by [34—36],

= ~ J sin 0(x) d0(x) d~(x), (5.1)

where 0 = 0(x) and ~ = ~(x) are localized solutions of the two-dimensional Landau—Lifshitz equations.
The invariant Q appears to take integer values. If Q = 0, the relevant solution is topologically

equivalent to the ground state. Then the vector m(x) maps ~themagnetic space onto a part of the unit
sphere. This part appears to be covered an even number of times. The covered part may be constricted
to a point by continuous deformation of the contour S in fig. 10. For Q ~ 0 the solution describes a
topological soliton and the vector m(x) completely covers (one or several times) the unit sphere. For
this reason, the quantity Q is called the topological charge of a two-dimensional soliton.

Let us now consider localized three-dimensional solitons. The topological characteristics of these
solitons are determined by the characteristics of the mapping onto a unit sphere of the three-
dimensional space with distinct points at infinity. We shall use the symbol S2 to denote a sphere in
three-dimensional space, pointing out its two-dimensional nature. We shall also introduce, for con-
venience, a symbol for the sphere in four-dimensional space, 53•

Just as the (x, y) plane with distinct points at infinity is equivalent to the sphere S2, the space
(x, y, z) is equivalent to the sphere S3. Thus, in the topological analysis of localized three-dimensional
solitons, we see that the mapping is S3—s.S2. It has been found elsewhere [~5]that the integer Hopf
invariant ~‘ classifies the various mappings S3—~ S2. The principal charactqristic of the topological
invariant ~‘ is that it remains constant under continuous deformation of the function m(x, y, z). The
Hopf invariant plays the role of a topological charge in three-dimensional magnetic solitons.

The invariant X for the magnetization field will be defined below. CleaiIly, all the values of the
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0=0

S

,~ #_•~=JI
Fig. 10. The mapping on the unit sphere by the magnetization vector for a nontopological two-dimensional soliton.

magnetization vector can be determined by rotation of a selected unit vector in three-dimensional
space. We may start from the equilibrium value m0 = e~in a uniaxial ferromagnet. Then,

ml=O,km°k=O~Z(i=1,2,3), (5.2)

where °ik is the orthogonal matrix which is responsible for the rotation.
One of the possible ways to represent the matrix °ik is in terms of the four-dimensional unit vector

v,’ (a = 1, 2, 3, 4),

°ik = ~ik +
2(’Yk — ~‘~lk) — 2iI4SikJPj, (5.3)

where ~jk1 is the antisymmetric unit tensor. Let us introduce angular variables which specify the vector

l.’
4=cosx, ~3=sinxcos ci’, v1+iz.’2=sinxsincii&

4’

Using these variables, we can represent the Hopf invariant as follows:

~ (5.4)

The Hopf invariant takes on an integer value ~‘ if the full changes in the functions x~ci’ and çb are
~x~7r,6~li~’ir,&q5=2ir~W.

6. Magnetic solitons in easy-axis ferromagnets

6.1. Equations of the magnetization dynamics and the simplest nonlinear solutions

The simplest magnetic anisotropy is that of the easy magnetization axis type. Suppose that the
anisotropy energy density Wan varies as the square of the components of the magnetization vectorM.



AM. Kosevich et a!., Magnetic solitons 143

Then,

Wan = —~f3M~, (6.1)

where the z-axis coincides with the anisotropy axis and /3 >0 for an easy-axis ferromagnet.
If there is a uniform external magnetic field directed along the anisotropy axis, then the energy of the

ferromagnet is

E = ~a2J [a(äMiö~)2 — ~3M~]d~— a2H J M~d~. (6.2)

The magnetization of the ferromagnet is assumed to depend on the sole spatial coordinate ~. If the
magnetic dipole interaction is disregarded, the coordinates do not appear explicitly in the energy
density and therefore the ~ axis is arbitrarily oriented with respect to the anisotropy axis.

The Landau—Lifshitz equation becomes in this case as follows:

/1 ~M a2M~—-~—+aMX—~-+/3MXe
5(M.e5)+MXe~H0, (6.3)

~ ~t

where e2 is the unit vector along the z-axis.
Easy-axis ferromagnets are characterized by two parameters: the magnetic length 10 = \/~7j~4and the

characteristic frequency w~= 2/3/s0M0//I coinciding with that of uniform magnetic resonance in the
absence of a magnetic field. The magnetic length l~determines the scale of spatial inhomogeneities and,
as a rule, appreciably exceeds the atomic separation a (l~~ a).

We rewrite eq. (6.3) in the angular variables 0 and ~,

2 ao F 2fa~\
21. 1 a~. Hlo~~[l+lo~) ]sinOcos0+— -~j-s1n0=~-s1n0~ (6.4)

~ ~sin0=0. (6.5)a~i ~ at

These equations differ from (3.8) and (3.9) in that they include the magnetic field. The influence of
the field directed along the anisotropy axis amounts to a change of the precession frequency of the
vector M by H = 2~

0HI/1.Therefore, if we introduce a new angular variable ~= — toHt, then in
terms of 0 and ~ the Landau—Lifshitz equations will not depend on H.

The simplest, though very important, essentially nonlinear solution ofeqs. (6.4) and (6.5) forH = 0
is the domain boundary or the domain wall,

cos 0 = tanh[(~— ~~)il~], ~ = = const., (6.6)

where ~ and ~ are arbitrary parameters, ~ determining the position of the domain wall centre. A
domain wall separates regions of a ferromagnet with opposite magnetization directions (see fig. 8b).
Since the states 0 =0 and 0 = IT are the ground states of a uniaxial ferromagnet for H = 0, all the
excitation is localized fully in a region of width l~near ~. The localizatidn of the magnetization
inhomogeneity in a domain wall may be characterized by the quantity
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M1 = ~ + M~= M0 sin 0 = M0 sech[(~ — ~~)/l~I. (6.7)

The function (6.7) gives a typical localized solitary excitation which falls under the general definition of
a soliton. Thus, a 180°domain wall represents the simplest one-dimensional soliton of the magnetiza-
tion field.

In a uniaxial ferromagnet without a magnetic field (H = 0) a single domain wall cannot move, as a
consequence of conservation of the projection of the total magnetization on the anisotropy axis.
Indeed, as a domain boundary moves by an amount 6~,the magnetization changes as follows:

~JMzd~=Mo6fcos0d~=2Mo6~o. (6.8)

If the only cause of the changing magnetization is the motion of the domain wall, then, because of the
constancy of the total magnetization, ~ = 0. But if there is a spin wave or a wave packet going through
the domain boundary, then there arises a spin flow also causing the magnetization to change. In this
case, the domain wall can move [37].

Since in the presence of a domain wall the states of the ferromagnet for ~ = —co and ~ = +co are the
ground states corresponding to different poles of the unit sphere in fig. 9, then the domain boundary is
a topological soliton and may be characterized by the topological charge

S=~j-Jd~-~(Mo—M~). (6.9)

In the ground state of a ferromagnet, S = 0; the values S = ±1distinguish domain boundaries of
different signs.

By virtue of topological stability, a domain boundary should also exist in a discrete magnetic chain.
In the classical theory the spin energy is specified by an expression similar to (1.5), where S denotes the
classical vector. Reference [38]studied a discrete model of an anisotropic spin chain, with J3 = J,
= = Jl-y, y > 1. For an infinite chain there turns out to be the following solution of the equilibrium

equation:

S~=Stanh(ng), g=ln(y+~y
2—1), (6.10)

where n is the number of a site in the chain. Equation (6.10) is clearly similar to (6.6). When y —14 1,
a long-wavelength approximation is applicable, and (6.10) changes into (6.6), where a/I

0 = ~2(y — 1).
In a discrete chain a domain wall cannot move either.

The simplest example of a moving nonlinear excitation in an easy-axis ferromagnet is a finite-
amplitude spin wave, eq. (3.12). Such spin waves were discussed in section 3, where it was mentioned
that they are unstable. A nonlinear spin wave of amplitude 00 is unstable relative to fluctuations with
spatial dimensions of the order of l~/0~.

Stable nonlinear solutions of eqs. (6.4) and (6.5) should be sought for among the dynamic magnetic
solitons corresponding to the same ground state 0 = 0 at infinity ~= ±co.

Small-amplitude moving solitons are simplest to describe. We rewrite the Landau—Lifshitz equation
in terms of the complex function !P defined by relation (4.2) and restrict ourselves to the main
approximation similar to (4.4),
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L ~ (6.11)
Ct0 at a~ M0

The nonlinear Schrödinger equation (6.11) was first proposed to describe small-amplitude magnon
excitations independently in refs. [39—41].Reference [41]provided a semi-classical derivation of this
equation based on a long-wavelength description of the discrete spin chain.

Equation (6.11) has the following two-parameter soliton solution:

[M~ id0 I. . V ~—Vt\~P= exp(\lwt—1 — ), (6.12)
/Lo coshK(~—Vt) Vm l~

Vm=210W0• (6.13)

Expression (6.12) is a natural generalization of solution (4.7) including the possibility of soliton motion
with velocity V.

The soliton (6.12) is characterized by two parameters (V and to). These are independent and exhaust
the properties of the soliton solution. If we treat the soliton (6.12) as an analogue of a wave packet,
then the precession frequency co~of the vectorM in the laboratory frame of reference and the soliton
wave vector k are

to1 = to + 2to~~(ViV,,3
2, k = V/(loVm). (6.14)

The relations to
1 = w~(w,V), k = k(V) completely coincide with the relations ~ = ~(to, v), k = k(v) for

linear waves following from (3.14). However, unlike in a wave packet of linear waves, the quantities to1
and k in a soliton are independent parameters.

It is interesting to compare the two-parameter magnetic soliton characterized by to and V with a
nonlinear spin wave with the same parameters (the role of V is placed by its spin wave group velocity
v). Recall that a nonlinear wave of finite amplitude 0~is characterized by two independent parameters,
e.g., to and v may be chosen. Using the dispersion law (3.13) and the definitions of to and v one can
express the frequency ~ in the laboratory frame of reference and the wave number k in terms of the
quantities to and v,

= i/w2 + (v/i0)
2, k = (~— to)/v. (6.15)

The expressions in (6.15) are for the spin wave the same as expressions (6.14) are for the soliton. If the
frequencies (to) and velocities (V, v) of the soliton and the spin wave coincide, then

—2 2 2
to =to

1-l-(KV)

We see that the precession frequency in the laboratory frame of reference for the soliton is smaller than
for the spinwave.

It follows from (6.13) that the localized soliton solution exists only provided that K
2  0, i.e. when

to/too +(VIV,,.~)2~1. (6.16)
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Thus, the admissible values of V and to are to be found below the parabola AA in fig. 3., in the region
of unstable nonlinear spin waves. But by the conditions of applicability of the solution (6.12), the point
(V, to) should not be too far from the parabola AA.

So, the soliton frequency w, for any velocity V, lies below the frequency of a magnon with the same
group velocity. This supports the statement that the local oscillation frequency always lies outside the
continuous spectrum of the corresponding elementary excitations.

6.2. Exact two-parameter soliton solutions

Let us come back to the initial equations (6.4) and (6.5) and seek for their soliton solutions of a
general form. These solutions have the following structure:

00(~—Vt), q~w’t+~i(~—Vt).

Here, as above, the magnetic field is included in the renormalization of the magnetization precession
frequency: to = to’ — ~ where to is the precession frequency in the absence of a magnetic field. With
the boundary conditions 0(± co)= 0, ap/a~<x eqs. (6.4) and (6.5) are simply integrable, and we have

tan(0/2) = K1
0[fl cosh

2K(~— Vt) — (11 — Q~)/2]~2, (6.17)

/2(Kl
0)(kl )

~/i= —k(~—Vt)+arctanI,~~ tanhK(~—Vt)). (6.18)
Solution (6.17), (6.18) was obtained first in refs. [42, 20], and later in ref. [43]. This solution is

characterized by two arbitrary parameters V and cv (the particular case of to = 0 was considered in ref.
[44]).All the other parameters are expressed in terms of the quantities V and w, having a clear physical
meaning: kl0 = VIVm~K is given by expression (6.13), 11~= ~1/0 and 11 = w1to0, where the precession
frequencies of the vector M in the soliton to1 and in the corresponding spin wave c~are given by
formulae (6.14) and (6.15),

111 = t~/’too+ 2(VIVm)
2, Q2 = (w/w

0)
2 + 4(V/Vm)2. (6.19)

We shall call the excitation described by formulae (6.17) and (6.18) a two-parameter soliton or a
bion. It follows from (6.13) that two-parameter magnetic solitons exist only for those V and to values
which lie below parabola AA in figs. 3 and 11. As K decreases, so does the bion amplitude, while the
localization region increases and the bion transforms into a spin wave in the limit 4~—s. 0 (the line AA
in fig. 11).

For Vand w values near the boundary of the region of existence of bions K(V, to) = 0, the soliton has
the standard form of a small-amplitude soliton (6.12) shown in fig. 12a, i.e., its amplitude becomes of
the order of magnitude of K and the scale of the localization region of the order of i/K.

The behaviour ofthe solution in the opposite, essentially nonlinear limit is interesting. It corresponds
to small values of V and to (cv 4 to

0, V 4 Vm). In this range, where ,d0 1 and 11, 11~4 1, the soliton
solution may be approximately written as

(~—Vt+4I2\ ( ~—Vt—4I2\0 2 arctan exp~ ) + 2 arctan exp~— , ) — IT. (6.20)to to
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(Q)

A A

Fig. 11. The curves P = const. and N= const. on the (V, w) plane.

The magnetic soliton represents, as it were, a bound state of two domain walls of opposite signs,
which enclose a region of almost totally reversed magnetization. The width of this area, 4 = !~ln 11,
depends on the values of the parameters V and to. For small V and to, where 11 4 1, the separation of
the domain boundaries is 4 ~‘ l~.This soliton is characterized by two parameters of the dimension of
length, l~and 4. In the limit V, to—s. 0, we obtain two domain boundaries of the type (6.6) which are
infinitely distant from each other. Therefore, the point V= cv = 0 in fig. 11 corresponds to a domain

(a) _____________ _______________

(b)I ____________________ (c) J~
.~ —

Fig. 12. (a) The structure ofa low-amplitude magnetic bion. (b) The magnetization distribution in a magnetic bion for small values of V and w. (c)
The structure of a magnetic bion for V’/V~4 Ia~I/wo,w <0.
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wall. Note that, though in a uniaxial ferromagnet a domain boundary cannot move, two domain
boundaries still can move with a constant velocity, when in a bound state, because during such a joint
motion, the projection of the total magnetization on the z-axis is conserved.

Thus, in two limiting cases, a bion may be treated either as a localized spin wave, or as a bound state
of domain boundaries. The properties of solutions (6.17) and (6.18) in limiting cases emphasize the
importance of two-parameter magnetic solitons in a general classification of excitations of magnetic
materials. The domain walls and spin waves traditionally studied earlier are only particular, limiting
cases of general soliton solutions.

Now we shall consider the solutions of eqs. (6.17) and (6.18) in the simplest case, where a
continuous transition from weakly nonlinear excitations to domain walls is allowed. This is the case of
the immobile soliton (V= 0). If to >0, the precession phase does not depend on the coordinate ~,

because ~i 0. The bion solution can be represented in the standard soliton form,

tan(0/2) = (to0/to — 1)1/2 sech[(i — to/too)”
2(~/l

0)]. (6.21)

These solutions, first obtained in ref. [10], correspond to the interval (0, to0) of the frequency axis.
As cv changes from to0 to 0, the small-amplitude soliton is continuously going over into a bound state of
two domain boundaries, with the distance between them increasing. The difference between the
functional forms of the solutions for V = 0 and V ~ 0 is due to absence of Galilean invariance of the
initial dynamical equations.

It is somewhat different with the immobile bion with a negative frequency (cv <0), such that the
magnetization vector precesses in the opposite direction. It is easy to obtain from (6.17) the following:

/ ~ \1/2 ~/ w~\”
2~ 1

tan(0/2)=( —~-+ij cosechl (1+—) °I. (6.22)
\~to~ / L\ W~! 10 -~

Expression (6.22) differs from (6.21) in that its denominator is zero at the centre of the soliton ~=
where the quantity ~ is an arbitrary constant. Simultaneously, in the case of to <0, the derivative
d~t/d4calculated with the help of formula (6.18) leads to the following limiting relation for V—s. 0:

limdciu/d~= ITö(~ ~
where 5(~)is the delta function. As for to >0, the phase for all ~ < ~ and ~> ~ does not depend on
the coordinate; and all its variation is concentrated at the soliton centre, where 0( 4~)= IT. The formal
jumps of the phase by IT and of the function 0( ~)by 2IT at the soliton centre are associated with the
representation of the soliton solution in terms of angular variables. All the components of the
magnetization vector are smooth, continuous functions of the spatial coordinates. E.g.,

= M

0[1 — 2(1 + to0/Ito~)(cosh
2K~+ to

0/Ito~)~].

For low frequencies (Ito —*0), the solitons (6.21) and (6.22) have very similar structures, they are
bound states of two domain walls with parallel and antiparallel directions of the vector M in them.
However, for higher frequencies, the characters of positive- and negative-frequency solitons become
different. For positive to, as to — ~ the amplitude decreases and the soliton becomes delocalized. For
negative cv, the soliton amplitude remains unchanged, 0( ~) = IT, and the soliton width monotonically
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decreases with growing wi, so that,_when cvi > cv~,the size of the bion localization region is smaller
than the magnetic length, 4 -~ l0y cvo/lcvi. Thus the long-wavelength description of immobile solitons
with cv <0 is possible only when ito I 4 to0. The magnetization remains localized in the moving soliton as
well, if the velocity is V1Vm ~ V cv iiw~.The soliton form for this case is shown in fig. 12c.

Let us dwell on the important particular case of an isotropic ferromagnet, because this model may be
compared, in the most simple and immediate way, with the Bethe quantum problem [45]for an
isotropic spin chain. The isotropic ferromagnet corresponds to a special, limiting case of the uniaxial
ferromagnet considered above, viz., with the anisotropy parameter /3 —*0. Simultaneously, cvo and Vm
also go to zero, and the magnetic length becomes infinite. The vanishing of the characteristic parameter
with the dimension of length, 1~,reflects the absence of domain walls in an isotropic ferromagnet.
Physically, this is due to the continuous degeneracy of the ground state of an isotropic ferromagnet, in
contrast to the double discrete degeneracy in the easy-axis case. As a consequence, there are no
topological solitons in the isotropic case. Nontopological solitons, such as bions, can still exist in the
isotropic case. As the anisotropy decreases, the parabola AA of fig. 11 shifts further and further down,
and when /3 = 0 it runs through the coordinate origin, V= cv = 0. Thus, in the isotropic case,
two-parameter solitons exist only when the precession frequency of the vector M is negative. The
expression for these solitons is readily obtained from the general solution (6.17), (6.18),

tan(0/2)=[ ~ cosh2(K ~Vt)_i], (6.23)
Kcvex a

a~ ( V \2 1 624a — ~2atoexJcos
2(0/2)~ (

In this solution, the characteristic frequency is naturally represented by the exchange frequency
toe,, = 2a~

0M0/(ha
2).Besides, now K2 = toi~ex— V2/(2acvex)2. The solution (6.23) and (6.24) for a

magnetic soliton in an isotropic ferromagnet was presented first in ref. [46]and, independently, in ref.
[20].

Note that the above consideration of an isotropic ferromagnet ignores demagnetizing fields. As will
be shown below, these fields produce an effective easy-plane anisotropy.

If an isotropic ferromagnet is in a magnetic field, solutions (6.23) and (6.24) include solitons with a
stationary wave profile (0 = 0( ~ — Vt), ~ = — Vt), to = — toll). This should be borne in mind, while
analyzing solitons in the general case of a uniaxial ferromagnet, because these can become solitons with
a stationary wave profile. In this case, to’ = 0, and in formulae (6.17) and (6.18), as well as in all the
subsequent ones, one should set to = — cvH. In particular, the parameter K becomes a function of the
magnetic field,

(id
0)
2 = 1 + cvH/too — (VIVm)2,

and the maximum velocity of a soliton with a stationary profile is renormalized, V  1/mV 1 + HI/3M
0.

6.3. Semi-classical quantization of solitons

There are one-dimensional models of magnetic materials which are studied at the level of quantum
mechanics, e.g., the Heisenberg spin chain. The first complete analysis of excited states of a spin chain
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with isotropic exchange interaction of nearest neighbours of the form (1.4) and with spin s = 1/2 was
carried out by Bethe in ref. [45].The problem of quantum excitations of the Heisenberg chain with
uniaxial anisotropy, where J1 = ~ J3, was solved in refs. [47—49].The excitation spectrum of such a
chain was also considered in refs. [50,51].
We are going to compare the results of classical and quantum considerations of spin complexes and

discuss once more the quantum nature of magnetic solitons. The quantum analysis of magnetic systems
usually starts with finding the energy spectrum of excitations; it is thus necessary to find the magnetic
soliton energy. Then we shall change from the classical parameters V and cv to quantities having a
quantum-mechanical meaning, namely the momentum of the soliton field and the number of spin
deviations in it.

The magnetic soliton energy results from formula (6.2), with substitution of the solution (6.17) and
(6.18) in the case of H=0,

E = 4f3(aM0l0)
2K(w, V), (6.25)

where K = K(w, V) is specified by expression (6.13). To understand the physical meaning of the
dimensional factor in this formula, recall that as to —~0 and V—s. 0, the magnetic soliton transforms into
two infinitely distant domain walls. The magnetic soliton energy (6.25) becomes the energy of the two
domain walls, E = 2E

0, where

E0 = 213a
2M~l

1~. (6.26)

Thus, the magnetic soliton energy may be represented as

E = 2E010K(w, V). (6.27)

We now calculate the number of spin deviations in the soliton by substituting the solution (6.17) and
(6.18) into (3.5), for the one-dimensional case (J d

3x—s. a2 $ d4),

N = ~N
1arsinh(2K10/11), N1 = 4sl0/a. (6.28)

The quantity N1 coincides with the order of magnitude of the maximum number of spin deviations in a
region of length 10. In the present model, N1 ~ 1. In fig. 11, the line of constant N value is the ellipse
enclosing the coordinate origin (the line N). As we approach the parabola AA, the value of N tends to
zero, and in the limit to, V—s.0, it infinitely increases. The relation N= N(w, V) is very important,
because it specifies the stability of solitons. Using the ideas contained in refs. [52,53], one can see that
for an immobile soliton the stability criterion amounts to the requirement w(dNldw) <0. From (6.28)
it follows that for V= 0,

to=cv0sech
2(N/N

1), to>0
(6.29)

w=—w0cosech
2(N/N

1), w<0.

Thus, the stability criterion of an immobile soliton is valid for all frequencies.
A first step towards quantization of the motion of magnetic solitons is only that the total number of
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spin deviations, N, is thought to be an integer and has the meaning of the number of magnons
associated with the macroscopic localized magnetization state. If we introduce in a one-dimensional
ferromagnet the magnon density (3.6), then for small V and cv, the spatial magnon distribution is quite
similar to that shown in fig. 12b. In this limit the soliton represents a magnon drop with a nearly
constant density, close to the maximum possible one, tim = M0/p.0. The simplest magnon distribution is
that for an immobile soliton for to0 — cv 4 to0, in the case of KI0 N/N1,

n(~)= M0 ( Na/4sl0 )2 (6.30)
/L0 cosh(Na~/4sl~)

This density clearly coincides with that of particles in the ground state of a Bose gas with two-body
attraction. The latter is n(fl = !P(~)I2,where 111(x) is given by (4.7). This also suggests that the
number of spin deviations N has the meaning of the number of magnons forming a soliton, whereas the
soliton may be interpreted as a bound state of a large number of magnons.

We calculate the total field momentum of a magnon drop. By substituting expressions (6.17) and
(6.18) into formula (3.4), we obtain

P = (P~I~)arccos(11
1/12), P0 = (2IT11/a)s, (6.31)

where the value of P0 is the maximum possible momentum of the soliton. The momentum of an
immobile soliton with a positive precession frequency is zero and the maximum value P0 is reached in
an immobile soliton with a negative frequency to. The fixed momentum curve is represented by curve P
in fig. 11.

A curious and surprising feature is the periodic dependence of the soliton parameters on the field
momentum. In solid state theory such a dependence is usually associated with the discreteness of the
crystal lattice. The appearance of the spatial scale —/1/P0 in continuous magnetization theory is
attributable to the presence of the maximum possible magnon density ‘

1m = M
0/5a0.

Formulae (6.28) and (6.31) relate the parameters of the soliton solution V and cv to the integrals of
the motion N and P. By means of the two relations, expression (6.17) for a two-parameter soliton can
be brought into the following simple form [54]:

2 sinh
2(N/N

1) + sin
2(ITP/2P

0)tan (012)= 2 2 (6.32)
cosh K(~ — Vt) — sin (ITP/2P0)

In the case of weak anisotropy (l~~‘ a), the magnetization distribution in an immobile soliton is

(M0/p0) sinh
2(N/N

1)

n(~)= cosh
2K~+ sinh2(N/N

1) (6.33)
Reference [55]showed that (6.33), when N ~- N1, exactly coincides with the average value of the

component M~in a large spin complex of a weakly anisotropic discrete Heisenberg chain (m is the
number of chain sites). By definition, the average value is (M~,,)= (I/rNIM~ici/,~),where ~ the wave
function of the complex of N spins and the role ofthe ~coordinate is played by the quantity a(m — m0),
a being the chain period and m0 = const. As the anisotropy grows, the exact coincidence is disturbed.
The quantum analogue of a magnetic soliton is then a linear combination of spin complexes with
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various numbers of reversed spins. The contributions of the various complexes are determined by a
Gaussian distribution centred at N and with a width of about g~2,where g is specified by eq. (6.10).
Average distributions of the magnetization in quantum spin complexes were also discussed in refs.
[56—58].

Let us rewrite eq. (6.27) and express the soliton energy in terms of N and P. This will give the
Hamilton function of a self-localized excitation,

~(P, N) E(P, N) = /1w
0N1 (tanh(N/Ni) + 2sin

2(ITP!2P
0)) (6.34)

By differentiating (6.34) with respect to P and N, we easily make sure that aEIaP = V and
aE/aN= /1w. For small momentum (P4 P0), the Hamilton function is

~= E~+ P
2I2M~, (6.35)

sinh(2N/N)

E~= 2E
0 tanh(N/N1), M~= mN 2N/N1 (6.36)

i.e., the soliton may be represented as a particle with rest energy E~and effective mass M~.When
N 4 N1, the effective mass M~coincides with the mass of N free magnons [see eq. (4.5)].

It is interesting that for a fixed value of the momentum P~ 0, P0 (curve P in fig. 11), the function
E(N) is nonmonotonic. Therefore, in a ferromagnet two different solitons can be excited with the same
energy and momentum, but with different directions of the precession of the magnetization M.

Now we introduce the energy per bound magnon in the soliton, r(P, N) = E(P, N) IN, and represent
the total momentum as P = N/1k. Then, formula (6.34) leads to the following inequality: e(P)  /1cv(k),
where /1w(k) is the free magnon energy. Thus, the energy per bound particle in a soliton is smaller than
that of a free magnon with the same momentum per particle. A stronger inequality may also be proved,

E(P, V) < E(P — /1k, N — 1) + /1to(k).

This inequality actually means that the soliton does not emit Cerenkov radiation during its motion [20,
21].

Let us compare the semi-classical energy spectrum of the soliton, eq. (6.34), with the exact quantum
spectrum of spin complexes in a one-dimensional chain with uniaxial anisotropy (s = 1/2). The
excitation spectrum of the Heisenberg chain, which is the analogue of the above uniaxial ferromagnet
(the XXZ model), is well known [47—51].In this system, the energy of the complex depends on the
number of bound excitations N and on their total momentum as follows:

27 sin
2(aP/2/1) \E = \/.J; — J

1 ~tanh(N/N~) + 2 sinh(2N/N~)) (6.37)

here J3 and J1 are exchange integrals and cosh(2/N*) = J3/J1. Let us compare formulae (6.34) and
(6.37), setting in (6.34) s = 1/2. Then, P0 = IT/i/a and N1 = 2101a. On the other hand, we used the
long-wavelength approximation, which is valid if the difference between the exchange integrals .1~and J1
is small. Then (J~— J~)

112= /1w
0N1, J3/J1 = 1 + (aIl0)

2/2 and N~= N
1. With account of the latter fact,
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eqs. (6.34) and (6.37) become identical. Thus, the semi-classical soliton energy exactly coincides with
the quantum expression, and this statement is valid for any number of bound magnons N, not only for
N ~- 1, as is usually the case in semi-classical quantization [59].

At present, there is much evidence in support of the fact that the coincidence of the quantum
spectrum with the semi-classical spectrum of the corresponding classical system indicates integrability of
both the quantum problem (in the sense of existence of the Bethe Ansatz) and the classical one [32, 60,
61]. The quantum problem of the uniaxial Heisenberg chain was solved rather long ago. Later the
integrability of the Landau—Lifshitz equations for the uniaxial ferromagnet, i.e., the solvability in
principle of the initial Cauchy problem for them, was proved [62, 63]. We shall not deal with the
problem of complete integrability, since this is a special topic of the mathematical theory of nonlinear
equations. It is, however, easy to show that eqs. (6.3) for H = 0 may be reduced to the nonlinear
Schrödinger equation, which is well known and comprehensively described in the literature [3]. First,
ref. [64]proved the equivalence of the equations for an isotropic ferromagnet and the nonlinear
Schrödinger equation, and then ref. [65]proved it for an easy-axis magnet as well.

If we introduce, instead of the two real functions 0 and ~ satisfying eqs. (6.4) and (6.5), a single
complex function

l~ [M~tao . . ap 1 - \ /. 1 ap \
2 ~v’ ~ +isin0 ~ — ~ sin 0)exp(\1~—j (1 —cos0) -~-~di), (6.38)

it will exactly satisfy eq. (6.11). Later, the equivalence of these two equations was proved at the level of
the inverse scattering method [66].

From the complete integrability of the Landau—Lifshitz equations follows the asymptotic independ-
ence of the main types of excitations: domain boundaries, bions and spin waves. These excitations pass
through each other retaining their identity, i.e., conserving their energies and momenta. The whole
interaction between the main types of excitations amounts to the appearance of new phase shifts (of the
soliton centre and of the precession phase of the magnetization vector). E.g., if a magnetic soliton
passes through a domain wall, the latter moves towards the soliton [37].The amount of shift can be
readily calculated by using the conservation of the total magnetization. Let a bion be characterized by a
certain value of the integral of the motion N. Although, having passed through a domain wall the
soliton shape does not change, the number of spin deviations does change. Spin deviations are
determined with respect to the ground state of the magnetization field, but the domain wall separates
two parts of the ferromagnet with opposite directions of the magnetization. As a result, if the domain
wall position is fixed, the whole change ofN will be i~N= 2N. This change is compensated by a domain
wall shift

L~l=a( p,0/M0a
3)t~N a(2p~

0/M0a
3)N (a/s)N,

because a domain wall shift over one interatomic separation generates M
0a

3/~
0= 2s spin deviations.

If a nonlocalized spin wave of finite amplitude is incident on a domain wall, then it moves towards
the wave with a constant velocity [37]. This velocity is easy to find by utilizing the asymptotic
independence of solutions of the equations of the magnetization dynamics. The definition of the spin
flow, eq. (3.11), suggests that a spin wave of amplitude 00 with wave vector k = acp /a ~ has a magnon
flow density
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j = (k10)(M0I2p~0)w0l0sin
2O

0 . (6.39)

For conservation of the number of spin deviations N it is necessary that the domain wall should
generate a spin flow in the opposite direction, while moving with velocity

2~ij sin
20 sin2O

V M cos 0~= w
010(k10) cos 0°= Vm(klo) 2 cos (6.40)

where a
3M

0 cos 0~/~is the number of spin deviations arising from a shift of the domain boundary by
one interatomic separation in the presence of a spin wave of amplitude 00, and Vm is the minimum phase
velocity of magnons.

6.4. Solitons in more general models of an easy-axis ferromagnet

Let us consider some possible generalizations of the simplest model of an easy-axis ferromagnet that
have no bearing on the uniaxial character of the anisotropy. The model of a ferromagnet can become
more complicated because the discontinuous character of the ferromagnet is included, or a more
complicated character of the one-ion anisotropy is considered, or the exchange interaction anisotropy is
taken into account.

Since in real quasi-one-dimensional ferromagnets the magnetic length 1~is a few interatomic
distances a at most [67], it is very important to take account of the discontinuity of the magnetic chain.
We have noted that the simplest discontinuous classical model of a ferromagnet can be constructed if
the quantum operators S~in the Heisenberg Hamiltonian (1.5) are replaced by classical vectors by
formula (1.9) without transition to the long-wavelength approximation. To preserve uniaxial symmetry
in the Hamiltonian (1.5), we set J1 = J2. Though the dynamics of the initial quantum system and the
dynamics of the long-wavelength limit of the corresponding classical system are exactly integrable
problems, the intermediate discontinuous classical system is not exactly integrable. Therefore, explicit
solutions for magnetic solitons are difficult to obtain in such a model. An exception is the problem of
the domain boundary, which is expressed in a form functionally identical to formula (6.6) for the
continuous model [38],

tan(0~/2)=exp[(n — n0)g], ~ = ~o = const. (6.41)

Here n is the number of the site, and n0 and q~are arbitrary.
There is another possible approach to the study of discontinuous chains. The Heisenberg Hamil-

tonian is a very good representation, but it is still a model Hamiltonian. Therefore, it is desirable to
seek for other, similar models integrable in the classical discrete case. Reference [68] considers an
isotropic ferromagnetic chain with energy

H = —2J ~ log(1 + S~S~~1). (6.42)

In the long-wavelength limit, (6.42) transforms into an expression for the energy of an isotropic
ferromagnet.

In terms of the classical magnetization vector per site, m~= 5,, /S~= M~/M0, the equation of motion,
arising from the energy (6.42), is
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-k---- -~-m,, + 2 ~ m,, X mn+e(l + m~m~+J’= 0, toex = 2a~t0M0/(a
2h). (6.43)

toex t

This equation admits an exact solution for a moving precession soliton [68].Here we give only the
simplest expression for an immobile bion,

cosh A
tan(O,,/2) = sinh2A(n — n

0) = —icvIt - (6.44)

Here Vj~jTtoex= 2 sinh A. In the limit A —*0, expression (6.44) exactly coincides with the solution
(6.23) for V=0.

Let us consider a more general form of the magnetic anisotropy energy. In the general case, the
magnetic anisotropy energy of a uniaxial ferromagnet is an arbitrary function of M~.But usually the
following generalization is used [15, 69]:

Wan = —~/3M~— M~/M~. (6.45)

As is dictated by the relation between 13 and 6, the ground state of the ferromagnet may be either that
with an easy z-axis, or that with an easy XY plane, or that with the vectorM lying on the surface of a
cone. A ferromagnet is of the easy-axis type when the inequalities /3 + 6 >0 and 2/3 + 6 >0 are fulfilled
simultaneously. If the anisotropy energy is chosen to be given by eq. (6.45), eq. (6.5) for the
magnetization dynamics does not change at all and the term — (6//3) sin 0 cos

30 is to be added to the
left-hand side of eq. (6.4).

The main excitations in a system with complicated easy-axis anisotropy are the same as before: spin
waves, domain walls and magnetic solitons. If we define the parameters in a different way as follows:
/1w

0 = 2(j3 + 6)p.0M0, i~= a/(f3 + 6) and Vm = 2w0l0, then the dispersion law of linear spin waves, eqs.
(3.13) and (3.15), will not change at all in terms of them. Neither will the regions of V and cv change,
for which there exist magnetic solitons of the standard form (3.20). A particular expression for the
soliton solution becomes more complicated, although it can be given explicitly, via elliptic integrals.
The form of the soliton is similar to that for 6 = 0. If 6 > —/3/3, then for V and to close to the parabola
cv/to0 = 1 — (V/Vm)

2 (AA in fig. 11), the soliton has the standard form of a small-amplitude bion, eq.
(6.12), differing from it by a renormalization of the constants. If — /3 <6 <— /3 / 3, then small-amplitude
solitons exist only for V> V~= Vm[(36 + /3)/(ô + /3)]1/2 For V < V~on the line AA (fig. 11), the
soliton has a finite amplitude and a power-law decrease in the amplitude at infinity.

In the case of small V and cv, the soliton may be thought of as a bound state of two domain walls.
The domain wall itself is in this model as follows:

tan o = ~J2(f3 ~ cosech(~/l
0), l~= /3 6 (6.46)

It is curious how this boundary changes in form when the parameters /3 and 6 approach the boundaries
of the region of existence of the easy-axis ground state. When /3 + 6 = 0, the solution (6.46) transforms
into a domain wall with power-law behaviour at infinity, tan

20 = 2aI(f3~2).Solitary solutions in
one-dimensional systems with a power-law decrease in the amplitude at infinity are usually called
algebraic solitons [70—74].If 6 —2/3, then the 180°domain wall is split into two 90°domain walls,
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separated by 4 -= ln\/2f3 + 6. When 2/3 + 6 = 0, Wan sin2(20) and the states with 0 = 0 and 0 = ir/2
have the same energies, then the solitary 90°domain wall becomes tan 0 = exp(~\/~ji7a).

A magnetic anisotropy of the form (6.45) is particularly interesting in the study of nonlinear
magnetoacoustic waves. To show this, let us assume that a magnetic subsystem interacts with only one
component of the lattice displacement vector u and write the magnetoelastic interaction energy as
~AM~(au/a~). Then the equation of motion for the displacement vector will be

a2u
2au A a 2—i-—s —~+~--~M~=0, (6.47)

where p is the crystal density and s the velocity of sound in the crystal.
In the soliton solution

M~M~(~—Vt), çctot+t/i(~—Vt),

the magnetization wave will be accompanied by a strain wave u = u( 4 — Vt) for which

au/at = AM~/[2p(s
2 — V2)].

Therefore, the magnetoelastic interaction gives rise to effective anisotropy energy

W 4p(s2— V2) M~. (6.48)

It has the form of the second term of eq. (6.45), the effective quantity 6 depending, however, on the
soliton velocity this time. This means that the region of existence of solitons on the (V, cv) plane is now
different. In particular, it depends on the relation between the velocities s and “mS

Another generalization of the model for a uniaxial ferromagnet is based on the assumption of
anisotropic exchange interaction. In the simplest case the expression for the density of magnetic energy
with uniaxial symmetry is

W= ~a(aMIas~)2+ ~a
1(aM~/a~)

2— ~/3M~. (6.49)

Since in a spin waveM~= const., the exchange anisotropy, if represented by (6.49), does not influence
the spin wave form and dispersion law. Moreover, if the term ~a

1 (aMa I a~)2 is included in the energy
(6.49), there appears in eq. (6.11) an additional term (a1/13)’I’(a

2M~/a~2),which may be disregarded
for small-amplitude solitons. For arbitrary V and to, the expression for a magnetic soliton can be written
in an implicit form with elliptic integrals. Simpler is the numerical integration of the dynamic equations
carried out in ref. [75].The results presented there suggest that the soliton form is not much altered by
inclusion of the exchange anisotropy.

If in expression (6.49) we put a = 0, the continuous analogue of an Ising magnet will result. It lacks
not only moving domain walls, but also moving solitons. The expression for solitons (which only exist
for 0< to < cv~)becomes particularly simple,

q~=tot, cos~={(to/to0)1_too08(lb)~ ~ (6.50)
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where l~= ~/~77.4.As to —*0, the solution (6.50) transforms into an expression for the domain
boundary,

— fsin(~/l0), ~ <IT!0/
2,M~/M

0— ~ sign ~, ~ IT!0/
2. 6.51

Finally, in another limiting case, a
1 = — a, we have the classical analogue of the well-known XY

model [76].

7. Dynamics of solitons in biaxial ferromagnets

7.1. Equations of the magnetization dynamics and their simplest solutions

Until now we have considered easy-axis ferromagnets. This one is the simplest models admitting the
existence of magnetic solitons. However, it is not without serious drawbacks. First of all, with this
model it is impossible to describe the motion of domain walls, which is nevertheless observed in
experiments [77, 15, 78]. Besides, the model ignores the question of demagnetizing fields associated
with inhomogeneity of the magnetization. Therefore, let us consider a ferromagnet with a more
complicated magnetic anisotropy energy, without axial symmetry. We shall only take a square-law
expression with respect to the components M, for the anisotropy energy,

Wan = —~/33M~— ~/31M~. (7.1)

The term proportional to M~may be omitted because the quantity M
2 is constant. For brevity, we shall

refer to such crystals as biaxial. The particular case of ~ = 0 corresponds to uniaxial magnetic material,
and when ~ = /33 =0, we deal with an isotropic ferromagnet.

In a variety of cases the field H(m) generated by the magnetization M is critical for the consideration.
It can be the cause of an effective anisotropy of the form (7.1). The demagnetization field H(m) can be
represented by adding the term Wm = H(m) /8 IT to the ferromagnetic energy [6]. The quantity is
specified by the equations of magnetostatics,

rot H(m) =0, div(H(m) + 4ITM) =0.

For an arbitrary configuration of a sample, the field
11(m) is generally expressed in terms of the

magnetization M. In one-dimensional problems, however, the relation between H(m) and M is local,
and the energy of the demagnetization field amounts to Wm = 2ITM~.Here M~is the projection of the
magnetization on the axis along which the wave propagates. Thus, even in a one-dimensional uniaxial
ferromagnet (f3~= 0), taking account of the demagnetization fields results in an effective anisotropy in
the plane perpendicular to the preferred main magnetic axis. If the i-axis coincides with the x-axis, we
deal with induced anisotropy with the effective constant ~ = —

4IT.

The total energy of a biaxial ferromagnet with the anisotropy energy density (7.1), the magnetic field
along the z-axis included, is

E = ~ J d~[a(~) — /3
3M~— /31M~]— a

2H J d~M~, (7.2)
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and the corresponding equations of the magnetization dynamics are

/1 aM
~— -~—+aMX—~-+/33Mxe~M+/31Mxe1M,+HMxe~=0, (7.3)

,1L0

where e~and e~are unit vectors along the x- and z-axes.
We introduce the parameters 1~= \/~7~and /1w0 = 2f33/L0M0, and measure length in units of l~,time

in units of 1/to0, and the magnetic field in units of /33M0. Then equations (7.3) of the magnetization
dynamics may be rewritten in angular variables in the following dimensionless form:

— [i + (~-~)2 + ~cos2~]sin 0 cos 0—sin 0 ( — h) = 0, (7.4)

~ (sin~o~-~)+ e sin
20 cos ~ sin ~ — sin 0 = 0, (7.5)

where we introduced the new notation e = — /31’133 and h = H/f3
3M0. Unlike the case of a uniaxial

ferromagnet, the dynamic equations now include the variable ~ and hence the latter is not cyclic. The
projection of the total magnetization on the z-axis is no longer an integral of the motion. Therefore, the
solutions of the Landau—Lifshitz equations become more complicated. We start to study these solutions
by considering domain walls and spin waves.

In the absence of a magnetic field (h = 0) the solution of eqs. (7.4) and (7.5) corresponding to a
moving domain wall was found by Walker [79, 15, 80] and is as follows:

tan(0/2) =exp{S~1+ ecos
2~(~—Vt)}, ~ const. , (7.6)

where S is the topological charge (6.9). Unlike in a uniaxial ferromagnet, in a biaxial ferromagnet a
domain wall may move with a constant velocity V. This velocity is related to the azimuthal angle ~‘as

V= —Se cos ~ sin p/\fi~e cos~. (7.7)

We see that there exists a maximum velocity of a moving domain wall, the so-called Walker velocity,
V

0 = — i~.Immobile boundaries are associated with the values ~ = ir/2 and ~ = 0. If ~ = irI2
the domain wall will be referred to as a Bloch wall, while, when ~ = 0, it will be a Néel wall.
Substituting the solution (7.6) into formulae (3.4) and (7.2), we find the total energy and momentum of
the domain wall*),

E= E~V1+ecos
2~, (7.8)

PSP
0cpIrr, (7.9)

where the Bloch wall energy is EB = 2/33a
2M~l

0and P0 = 2ir/1sla. The Bloch wall energy is smaller than

that of a Ned wall. Nevertheless, in the above one-dimensional model, both walls are stable. The
*) To find the domain wall momentum, expression (3.4) should naturally be modified:

P = J ~ sin9 (aO/&~)d~.
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momentum of an immobile Néel domain wall is zero, and that of an immobile Bloch domain wall
= P

012. Using expression (7.9), the energy (7.8) may be rewritten as

E = EBV1 + e cos
2(ITP/2PB). (7.10)

The energy E as a function of the momentum P plays the role of the Hamiltonian function for a

domain wall. One can easily make sure that the following Hamiltonian equations are valid,
Vns d~

0Idt= aElaP, dPldt = —aE/a~0= 0,

where ~ denotes the coordinate of the centre of the domain wall.
In a uniaxial ferromagnet, a magnetic field resulted only in additional precession of the magnetiza-

tion. In the biaxial case, the motion of a domain wall in a field becomes qualitatively different. If the
magnetic field is small (h 4 1), it may be regarded as a weak perturbation of the initial system. In the
adiabatic approximation [1, 81], the solution for a domain wall preserves its functional form,

tan(0/2) = exp[SV1 + e cos
2~(~— ~ (7.11)

But the solution parameters ~ and ~ become functions of time satisfying the equations

d~o
5ecos~sin~ ~712

dt ‘ dt Vi + s cos
2q’

These equations are trivially integrable and yield the following final expression for the dynamics of a
domain wall in a field:

= ht, ~ = (S/h)\/1 + s cos2(ht). (7.13)

Thus, the domain wall oscillates with frequency h and amplitude (V~~/h),alternately being of Bloch or
Néel type. The motion of the domain wall remains oscillatory in high fields as well; this is shown in ref.
[83]for arbitrary h and e 4 1.

The picture is different if dissipation is taken into account. If this is done by including an additional
dissipative term in the Hilbert form [78] in the Landau—Lifshitz. equation, then there appear on the
left-hand sides of eqs. (7.4) and (7.5) the additional terms —A(aO/at) and —A sin20 (ap/at) respectively
(A is the dimensionless dissipation coefficient). If the external magnetic field and dissipation are taken
into account simultaneously, there appears again the possibility of translational motion of domain walls.
The solution in the form of a moving wall for fields h < hm = Ae/2 is identical to expression (7.6), (7.7)
and the maximum velocity to the Walker velocity V~.But now there is a single velocity (7.7)
corresponding to an external field value, because sin2~= ~h/hm~ If h > h,n, the motion becomes
again nonmonotonic. In the simplest case, h, A, e 4 1, the parameters of the solution (7.11) evolve in
time as

dçoldt = h + hm sin 2~, d~
0/dt= —Se sin ~ cos p. (7.14)

The first of these equations, when integrated, yields the dependence
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tan(~+ IT/4) = + ~ tan(~h2— h~t). (7.15)

The domain wall oscillates with frequency to = Vh2 — h’~,.The oscillations are attended by an
average translational motion. The average velocity is obtained by averaging eq. (7.14) over an
oscillation period,

(d~
0/dt~t= ~SE(h/hm)[1— Vi — (hm/h)

2]. (7.16)

This motion of domain walls was discussed in detail in refs. [78,83]. As a domain wall moves in a high
field, its structure may become more complicated [84].

Let us analyze now the periodic solutions of eq. (7.3), depending on the phase i~= k~— ct. These
were first considered in ref. [44] and then, in more detail, in refs. [85, 86]. In the absence of an external
field, the solution of (7.3) for a finite-amplitude wave is

M~=M
0Adn(i9,q), M1=M0\/1—A

2cn(i~J,q),
(7.17)

M~=M
0V1—(1—q

2)A2sn(~,q),

where sn, cn and dn are the elliptic Jacobi functions (q being the modulus of the elliptic functions), and
A = [(e + q2)(e — k2q2)]112. The solution (7.17) may be regarded as a nonlinear spin wave. The
dispersion law of these nonlinear spin waves is

(7.18)

An important property of spin waves for e ~ 0 is that in a biaxial ferromagnet the angle of deviation
of the vector M is not constant: M

2 —dn(~,q). This agrees with the nonconservation of the
z-projection of the total magnetization. The tip of the magnetization vector in the wave does not move
along a circle, but along an oblong trajectory, contracted along the x-axis. In the limiting nonlinear case
(q—s. 1) such a wave transforms into a train of domain walls separating the unstable states M =

(0, ±1, 0). Even this points to instability of spin waves, supporting the Lighthill criterion [19,87].
Further development of the instability results in magnetic solitons.

As the amplitude of periodic nonlinear waves decreases (q —*0), we come to linear spin waves. In
the same limit (q —*0), relation (7.18) yields the dispersion law of linear spin waves (magnons),

(7.19)

This dispersion law in the frame of reference moving with the group velocity of the wave,
V= k(2 + e + 2k

2)/~,looks more complicated than in the uniaxial case; however, its qualitative
character remains the same. Figure 13 shows the function to = co(V). When to = 0, the group velocity of
the spin is equal to the minimum phase velocity, Vm = V1 + 1. In the same figure, the section
— V

0  V ~ V0 of the abscissa represents the region of possible velocities of domain walls. The area
under parabola AA corresponds to two-parameter magnetic solitons.
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Fig. 13. The region of existence of magnetic solitons in a biaxial ferromagnet. Curve AA represents the dispersion law of spin waves. The section
—~<V< %‘~on the abscissa represents the region of possible velocities of the domain walls.

7.2. Two-parameter magnetic solitons

In the biaxial case, the structure of solitons is not so simple as for a uniaxial magnet, and exact
soliton solutions could not be found without considerable mathematical difficulties.

Soliton-type particular solutions (for the case to = 0 and V~, V  Vm) were first found numerically in
refs. [88—90].Exact analytical expressions for two-parameter magnetic solitons, for arbitrary possible
values of V and to, were obtained in refs. [91—93].These solutions in terms of the variables 0 and ~
appear to be rather awkward [93],

tan2(0/2) = F A+cosh2~, (7.20)

= —arctan(B tanh ~) — arctan(C tan ~J). (7.21)

Here, ~= K( ~ — Vt) + ~ is the phase of the motion of a soliton as a whole (or that of the envelope of
the soliton), and i~= k~— &t + ~ the phase of the spin wave localized by the soliton. The constants ~
and i~are arbitrary and usually not important. The other quantities in the solution (7.20), (7.21) are
expressed in terms of the phase parameters K, V, k and c in the following way:

A = (~/2kK)/V(&/2kK)2+ 1, B= Vw/2kKf + 1 —

C = (V/2k)[V1 — (2k/V)2 +1], D = Vi— (2k/V)2’ (7.22)

F 4K2[(V/2k)2 — i]/e.
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The remaining four parameters K, V, k and c~are related in a way which is most simply expressed in a
complex form, introducing the complex wave vector K = k + ~K and the complex frequency 12 =
(O+iKV,

122 (1+K2)(1+e+K2). (7.23)

Formally, this equation completely coincides with the dependence of the frequency on the wave vector
of linear spin waves in a biaxial f~rromagnet,eq. (7.19), and, in the limit K —*0, goes over into it. Thus,
we are left with two independent parameters, and the above solution is indeed a two-parameter one.

To render the soliton solution compact, it is suitable to replace the two real functions 0 and ~‘by a
complex one,

w = tan(0/2) exp(i~). (7.24)

This replacement in fact corresponds to using stereographic projections [35].In terms of the function w,
the soliton solution (7.20)—(7.22) is as follows:

2K 1 sin(1~—ia) 725
W~ ~ sinh2a sinh(~+iy)

The two new real constants a and y are uniquely related to the parameters of the solution,

1 + K2 = —ecosh2(a —iy), (7.26)

where the constant y has values in the range [0, irI2], a >0.
The solution (7.23)—(7.26) is written for positive values of the anisOtropy parameter e. As the sign of

e (—i < e <0) is reversed, the direction of the most difficult magnetization comes to lie along the
Y-axis. Accordingly, the expression for the two-parameter soliton (7.25) is somewhat altered,

2K 1 sin(i~—ia)
W———— - . , —IT/2 y~O, (7.27)

sinh2a cosh(~+iy)

while the relations between the parameters of (7.23) and (7.26) remain unchanged.
When e >0, the spin wave limit (K 4 1) corresponds to the parameter values y = ir/2 and

sinh2a  (i/c). Straightforwardly, in this limit the solution (7.25) goes over into an expression for linear
spin waves,

w iK(v’~/w) sin(k~— &it+ ia
0), sinh a0 =\/jJ~k2)/c.

The solution for linear spin waves can naturally be derived also from the general expression (7.17) for
finite-amplitude spin waves in the limit q —s. 0.

It follows from expression (7.25) and the definition of the phase ~ that the parameter K governs the
soliton amplitude and the localization region. Comparing formulae (7.25) and (7.27), we see that a
magnetic soliton may be regarded as a spatially localized spin wave. The localization region (= i/k)
moves with velocity V and ~is the phase of this motion. The nonlinearity increases as K grows, that is,
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as we move away from parabola AA in fig. 3. Near the parabola the solution represents a
small-amplitude soliton shown in fig. 14a. In contrast to the uniaxial case, the envelope of the soliton is
here modulated by a periodic pattern with a wavelength around 1 /k.

In the general case, the periodic pattern moves along the soliton crest with velocity v = ~1k close to
the phase velocity of spin waves and differing from the velocity Vof the soliton itself. The two velocities
are related as v = V + wlk. Thus, when cv >0 (in the upper half-plane in fig. 13), the modulation
moves more rapidly than the soliton itself. The lower half-plane (to <0) corresponds to solitons in
which the modulation is slower than the envelope. The case of cv = 0 is a peculiar one. When
V0  V ~

1~’min the limit to —*0, the velocities V and v are the same, and the general formula for the
magnetic soliton yields a localized wave of stationary profile studied in refs. [80—90]and called “quick
wave” by the authors. This solution is continuously degenerate in the parameter (i~~— C~)~i.e., in the
phase shift of the envelope from the modulation phase.

As the distance from the parabola AA increases, or as the velocity V decreases, the periodic pattern
on the soliton becomes less clear. In particular, for V= 0 and K 4 1, the solution (7.25) gives a bion, or
a “breathing” soliton, whose amplitude periodically oscillates between 0mjfl and °max’with the ratio
Omax/Omin = Vi~i

The behaviour of the soliton solution in the extremely nonlinear limit is more interesting. For this
region, K ~ k. The value k = 0 corresponds in fig. 13 to half of the frequency axis (V= 0, to  

and a section of the velocity axis (IVI ~ Va). If a cut is made connecting the points (V ± V~,to = 0),
then an increase of i~2from 0 to ~ corresponds to downward motion on the frequency axis, passing by
this cut. In this case, K2 = 1 for V= 0, cv = +0 and K2 = 1 + £ at the point V= 0, cv = —0. At the point
to = 0, V= V~the parameter K2 is equal to (1 + e/2). For large negative frequencies, the anisotropic
character is not essential at all, and the soliton is almost the same as that in a uniaxial magnetic (see fig.
12c).

In the range of the parameters Vand to near the section to = 0, IVI S V,,~,the magnetic soliton may be
represented as a bound state of two domain walls of opposite sign (fig. 14b) which separate a region of
the crystal of practically completely reversed magnetization. However, in a biaxial ferromagnet, bound
domain walls, in the general case, oscillate with respect to each other. The total z-projection of the
magnetization is not constant in this case. The soliton pulses: its width 4 oscillates between 4min and
4max’ which depends on the relationship between the parameters 1/, cv and e.

Let us consider an immobile soliton (V= 0) with 0< cv 4 1 and increase the anisotropy in the XY
plane (i.e. increase the parameter e). When e 4 cv, the soliton width is large, 4 iln cv2i, and the wall

U

U

(a)~ (b)~ T_

Fig. 14. (a) The magnetization distribution for a small-amplitude magnetic soliton. (b) The oscillations of the magnetization in a magnetic soliton in
an extremely nonlinear case.
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oscillation amplitude is low, 4max — 4min c/to 4 4. As £ grows in the range cv 4  4 1, the minimum
soliton size decreases, 4mjfl = ln(1/e), and the maximum increases as 4max = ln(e/w2). The average
soliton width (4) = iln w21 is equal to the width of a soliton of the same frequency in a uniaxial
ferromagnet.

Since 4min ~- 1, the domain walls preserve, during oscillation, their identity. Domain walls, bound in
a soliton, periodically convert from a Bloch to a Néel wall and vice versa. They are pure Bloch walls for
the largest separation and pure Néel for the smallest separation. The motion of each wall is similar to
the solution (7.13) for the dynamics of a domain wall in an external field. Finally, when £ ~ 1, domain
walls, bound in a soliton, lose their identity, when the separation becomes minimal, 4min ~

When cv <0 and to 4 1, the soliton solution has approximately the same form as for small positive
frequencies, but the amplitude 0 = IT for ~ = 0 and the magnetization precession phases, for ~ > 0 and
~ <0, differ by ir. The oscillations of bound domain walls have a slightly different character: when the
separation is maximal, the boundaries are pure Néel, and for the minimum separation, they are pure
Bloch.

If for low frequencies V~ 0, then the oscillatory character of the domain wall motion in a soliton is
preserved. But the oscillations are attended by additional motion of the soliton centre of mass with
velocity V. As V increases, the amplitude of the domain wall vibration decreases, and upon reaching the
Walker limit V~the motion of solitons becomes stationary.

7.3. Analysis of the interaction between domain boundaries

It is of interest to trace how the solution (7.20)—(7.22) evolves during the limit as to —*0 (V ~ V
0).

With decreasing frequency, the amplitude of the oscillations in the soliton grows and, in the limit to = 0,
the solution (7.20)—(7.22) becomes aperiodic. The bound state of the two domain walls breaks down,
and the domain walls move apart to an infinite distance. When t—s. °~,the relative velocity of the walls
tends to zero as 2 ln(t) it. The velocity of the centre of mass of the scattering domain walls is governed
by the parameter V. Asymptotically, for long times t = ±c~,and for V= 0 and to—s. +0, we have
‘p = ±ir/2. This solution gives scattering of two Bloch domain walls with a parallel direction of the
vector M. During scattering, the vector M synchronically rotates by iT. In the other limit (V= 0,
to—s. —0) we have scattering of two different Néel walls with the angles ‘p = 0 and ‘p = iT. During the
scattering the angles ‘p change by IT.

Note that the limiting case (V ~ V0, to—s. 0) of weakly coupled, logarithmically slowly separating
domain walls is an example of so-called N-pole solutions. Here we have a two-pole solution. For other
integrable evolution equations, such solutions were discussed in refs. [94—96].

The latter examples suggest that the problem of soliton solutions is very closely related to that of
domain wall scattering by one another. The solution describing such a scattering process in the general
case may be obtained from the soliton solution (7.20), (7.21) or (7.25) by simple displacement of some
of the parameters into the region of complex values. One is to replace the frequency c~and the wave
vector k of the spin wave localized in the soliton by the purely imaginary quantities ~ = i i.’ and k = io
(the solution remaining real). Introducing, for convenience, the parameter i~,with the dimension of
frequency, related to the velocity V (~= 1/K) and making the replacement mentioned, one can rewrite
the solution (7.20)—(7.22) and the relation between the parameters (7.23) in a sufficiently symmetric
form,

tan
2(0/2) = ~ Vi + (2Ko-/fl)2 cosh 2(o~— ~t) — 1 , (7.29)

°~“Vi + (2Ku/p)~ cosh2(K~— ~t + 6) + 1
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2 22 2 22tV~+4K(T —p /V71 +4K(7 ?7
‘p = —arctan~ 2K(T tanh(K~— ~t + 6)) — arctant~~ 2K(T tanh(o~—

(7.30)

(~+ p)~= [1+ £ — (K + r)2][(K + a)2 + 1], (7.31)

2 2 2
(ij — v) = [i + £ — (K — a) ][(K — a) + 1], (7.32)

The asymptotic behaviour of the above solution looks especially simple for t —s. ± (before and after the
scattering),

0(t—icc)~2arctanexp[±(K+ o)(~—v
1t~~)]

+ 2 arctan exp[~(K— u)(~ — v2t ~2)] — IT. (7.33)

Here we have used the notations

12 22cT ii’ +
4KtT

v
12(P± ?))I(u± K), ~1,2=lna/2(K±a), a=— \I 2 2 2~

K ?1+
4KU

The trajectories of the scattering domain walls are conveniently expressed on the (~,t) plane (fig. is).
This is a situation for which the solution parameters K, ~, a- and t’ are positive, K > a- (this provides the
ground state 0 = 0), v > ~ (in the laboratory frame of reference the walls move in opposite directions),
K?)> a-v (the centre of mass of the two walls moves from left to right). In this case, a < 1 and ~, <0.

The most important and interesting fact is the identity of the left-hand domain wall before the
collision and the right-hand one after the collision (and vice versa): they have the same velocities and
sizes and therefore the same energies and momenta. In general, the minimum distance between the
walls may remain large and the collision represents elastic reflection, as is shown in fig. i5. But, if we
are not particularly interested in the collision moment, it is more convenient to think that the walls pass

A’
‘I,

2

Fig. 15. The trajectories of scattering magnetic solitons.
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through one another without loss of their identity. There is only a change in the signs of a wall and of
the azimuthal angle ‘p [which follows from (7.30) and agrees with (7.8)1 and a shift of the phase. When
a < 1, each wall, during scattering, shifts in the direction of motion by 2 , i.e., the domain walls seem
to be attracted to one another. This kind of interaction between domain walls reflects the asymptotic
principle of superposition, associated with the integrability of the Landau—Lifshitz equation.

Another limiting case is also of interest, namely that in which the velocities of the two domain walls
are equal, V1 = = V and the walls move synchronically in the same direction with velocity V. As
follows from the quantities v1 and v, and relations (7.31) and (7.32), in this limiting case

2 2 112 2 2 1/2 —

a = (V0 — V ) /2, K = (Vm — V ) /2 and via- = -qlic = V. The solution (7.28) assumes the following
simple form:

2 (K\ V~cosh2K(~—Vt)—V~ (7.34)

This solution was first obtained numerically in ref. [69] and called the “slow wave”. The analytical
expression (7.34) was found in ref. [93]. It follows from the definition of a- and K that the solution (7.34)
exists only in the range of velocities cv = 0, V~< V~(the section of the velocity axis cv = 0, V~< V0 in
fig. 13). It is important that localized quick waves with a stationary profile with velocities V~< V~< Vm
are obtained by a limiting transition (cv—.s.0) from a bion solution. The present slow waves with a
stationary profile with V~<V0 are a limiting case of the solution for the scattering of two unbound
domain walls. The physical source of the difference is as follows. In spite of the formal similarity of the
slow wave (7.34) with a magnetic soliton, the former represents synchronously moving unbound domain
walls. This is suggested by the degeneracy present in the solution (7.34) with respect to the arbitrary
parameter ~ determining the distance between the domain walls. If ~ changes, so does the distance,
with the fixed excitation energy.

7.4. Multisoliton states in a biaxial ferromagnet

We have seen that in a biaxial ferromagnet, domain walls pass through one another without losing
their identity. Besides, pairs of domain walls may be bound, resulting in the formation of bion states.
These facts stem from the complete integrability of the Landau—Lifshitz equations for a biaxial
ferromagnet (in the absence of a magnetic field). This paper is not intended to deal with the
mathematical aspects of integrability of nonlinear partial differential equations. However, we think it
worthwhile to dwell briefly on this point, because the above equation is the most complicated integrated
nonlinear evolution equation to date. Complete integrability of a nonlinear evolution equation means
that the initial Cauchy problem may be solved for it, and more particularly, that multisoliton solutions
may be constructed.

For the anisotropic Landau—Lifshitz equation, integrability was proved in refs. [63, 971, and
multisoliton solutions were first obtained in refs. [98, 99] by the Hirota method. Later, refs. [100—105]
completed the physical theory of the Landau—Lifshitz equation, with multisoliton and even more
complicated solutions being obtained by various methods. A fairly complete review of exact results may
be found in ref. [86].

We shall only consider multisoliton solutions by using the so-called Hirota formalism [106, 107, 2]. It
consists in finding a functional transformation of the angular variables 0, ‘p to new variables which
satisfy simpler bilinear equations and admit solutions in the form of a standard finite series of
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exponents, exp(K1~— v1t + a,). The form of the Walker solution (7.6) for a domain wall and the
simplest form of the solution (7.25) for a magnetic soliton suggest the form of the Hirota transforma-
tion. This consists in a transition to the stereographic projection (7.24) that has often been used in the
study of the properties of ferromagnets [34, 108]. It is equally simple to go back from the complex
function w to the components of the magnetization,

M~+iM~=M01+
2~w~ M~=M

0~+::~. (7.35)

In terms of the complex function w, eqs. (7.4) and (7.5) can be reduced to the form

(i + ww*)(i a/at — a
2/a~2)w+ 2w*(aw/a~)2+ (1 — ww*)w + ~c(w + w*)(1 — w2) = 0. (7.36)

Let us first of all rewrite in the new variables the solution for an isolated domain wall (7.6) and the
relation between its parameters (7.7),

w = exp(K
0~— v0t + a0 + i’p0), (7.37)

= (~ — 1)(i + £ — K~), (7.38)

K~i+ ccos
2’p

0. (7.39)

Relation (7.38) is an analogue of the linear spin wave dispersion law (7.i9) and transforms to it if the
parameters K0 and v0 are replaced by imaginary quantities [note the similarity of the solution (7.37) and
relation (7.39) to the solution (7.28) for linear spin waves as a result of such a replacement]. The
arbitrary real constant a0 is related to the initial phase coordinate and time. The parameters K0, v0 and

as follows from (7.8) and (7.9), are proportional to the energy, energy flux and the momentum of
the domain wall,

K0HE/E8, v0VE/E0, ‘p027TP/P~.

The parameter K~goes from 1 for a Bloch domain boundary to (1 + c) for a Ned wall.
Let us write down the solution for two interacting domain walls. If in the solution (7.29)—(7.32) we

replace the parameters K, i~,v and a- by the new parameters K12 = K ±a- and v12 = i~± v and go over to
the function w, then this solution can be rewritten as

efh + e’?2
‘11~02’ ~ (7.40)

~ a12e

Each domain wall is characterized by the exponential function exp flk’ its parameters being related by
(7.38) and (7.39),

(7.41)

K~i+ £cos
2cpk. (7.42)
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The constant a12 coincides with the above introduced quantity a [see (7.33)] and is expressed in terms
of the parameters Kk and ~k as follows:

— K2 K1 P1(K1) v2(K~—i)
a12 — K2 + K1 v1(K~— 1) + ~(K~ — ) (7.43)

If we compare expressions (7.37) and (7.40), it is clear that the term a12 exp(?)1 + ?)2) in the
denominator of (7.40) is due to the nonlinearity of the initial equations and is responsible for the
domain wall interaction.

The phase shift of the scattering walls is specified by ln a12. Indeed, denote by Wk an approximate
expression for the function (7.40) near the centre of the kth domain wall ~k’ where ~k (vkt — ak) /Kk

and the velocity of the kth domain wall Uk = PkiKk. Near the first wall we have e~’— 1 and
e~2 exp[K2(v~ — v2)t]. The quantity e~2changes with time, d~24 1 as t—~—~ and e~2~‘ 1 as t—s. +~ (for
definiteness, we assume that K2 >0 and v1 > v2). The approximate solution for the first wall is thus
before and after the scattering

w1(t—s. —cc) e
0’ , w

1(t—s. +cc) e~1~°~j2 (7.44)

The sign of ~)1 is reversed because so is the sign of the domain wall. Besides, the domain wall receives
an additional constant shift —ln a12 after scattering.

The form of the asymptotic expressions (7.44) reflects the asymptotic principle of superposition, viz.
conservation of the identity of a domain wall during scattering. This principle is naturally generalized
also to the case of a larger number of domain walls. By using direct substitution into eq. (7.36), we can
show that the solution for three domain walls is as follows [98, 99]:

d~1 + e~2+ e’h + a 23 e
w= I + , (7.45)1 + a12 en1~2 + a13 e~1~13+ a23 d’~2 ‘13

where the parameters ij,, K,, i~,‘p,and a,1 are specified by relations (7.40)—(7.43). The subscripts 1 and 2
in eq. (7.43) are replaced by i and j, and finally a123 = a12a13a23. The latter relation represents the
superposition principle. Indeed, it follows from the solution (7.45) that the asymptotic behaviour of
domain wall 1 is

w1(t—s. —cc) = e’11 , w1(t—s. ~2) = ehh1~i~~a123—In a23 -

Thus, the total phase shift is ln(a123/a23) = ln a12 + ln a13, i.e., it is represented as the sum of the phase
shifts occurring as the domain wall passes through each of the two remaining walls.

The general solution giving the dynamics of an arbitrary number of domain walls represents a natural
generalization of expression (7.45) and may be written as [98, 99, 104, 105]

~[(N~1)/2] NC2,~+l~ exp(n~1+ - . - +

W = [N/2] , (7.46)
~n=0 ~NC2a rr dXP(llr + - +

where N is the number of domain walls, [Althe largest integer smaller than A, NCI denotes summation
over all combinations of I elements out of N, ‘q,, K~, i-s, ‘pt, a,1 are specified by eqs. (7.40), (7.41), and
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(n)

a,...~= 111 ~ n  2, a, = 1, (7.47)
“ k<1

where (n) denotes the product over all pairs out of n elements.
The generalized superposition principle leads to the following result. Since, as i—s. cc, domain walls

move apart to infinity and do not interact, then the total energy E and the momentum P of the system
represent sums of the respective quantities for individual walls. As a result of conservation of the
quantities, we can write at any moment of time

E=EB>~ K
1~, ~ ~ ‘p1signK1. (7.48)

1=1 ITj1

This result is rigorously proved in ref. [97]. Thereby, domain walls may be treated in terms of a gas of
elastically interacting particles.

Finally, let us find the place and role of solitons in the classification of multiparametric solutions of
the Landau—Lifshitz equations. This is conveniently done by using the expression for magnetic solitons
in the form (7.25). As is easy to see, it can also be transformed to the form (7.40), where K12 = K ±ik
and p12 = KV ±ic. Thus, in the soliton, the parameters K1, K2 and i.’1, v~become complex conjugate. At
the same time, the interrelation between the parameters K1 and p1 preserves the form (7.41) and the
relationship of a12 to K. and i~the form of eq. (7.43). The parameter a12, however, while remaining real,
becomes negative. Besides, the dependence (7.42) of K~on the constant phases alters. Introducing for
these phases the notation i~= a, + i’p,, we can rewrite eq. (7.26) as (K = —iK2)

K~= K~~2= 1 + £ cosh
2((~?— O*)/2) (7.49)

Formula (7.49) replaces (7.42) in the case of a magnetic soliton. Of the four parameters a, and’p,, only
two parameters are arbitrary and are associated with the choice of the coordinate of the soliton centre
and the phase of the precession of the internal magnetization. In particular, they can be chosen such
that ~0* = _?)0

Direct substitution of the soliton solution into the formulae for the energy and momentum of a
ferromagnet results in expressions similar to (7.48),

E~= 2EB~ReKj, (7.50)

= ~ (‘pr sign Re K
1 + ‘p2 sign Re K2 — IT). (7.51)

The total energy and momentum of a ferromagnet are sums of the respective quantities for domain
walls, eq. (7.48), and for solitons, eqs. (7.50), (7.51). As was shown in ref. [97],in the general case an
additive contribution is also made by minor magnetization oscillations. Because of the additivity of E
and P, excitations of the nonlinear system may be described in terms of a gas of noninteracting particles
of three types: domain walls, magnetic solitons and free nonlinear magnons.

7.5. Interaction of solitons and domain walls

If solitons and domain walls are excited simultaneously in a system, the general form of the solution
(7.46) remains the same. But in this case, each domain wall is characterized by an exponential function
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with real K and v, and each soliton by a pair of exponential functions with complex conjugate
parameters. Owing to the superposition principle, it is enough to consider two interacting walls (N = 2)
(as was done above), an interacting domain boundary and soliton (N = 3) and two interacting solitons
(N = 4). Because we have exact multisoliton solutions, description of the excitation interaction amounts
to analysis of the rather awkward expressions (7.46), without additional calculations.

The interaction of a soliton with a domain wall was considered in ref. [99]. This process can be
described by using the solution (7.45), and assuming that two walls (with numbers 2 and 3) are “bound”
into a soliton, i.e. K2 = K~ and i.’2 = v~.The entire interaction depends on the constants a I 2 and
a13 = a~. Similarly to domain wall scattering, scattering of a bion by a domain wall also has an
attractive character. During the scattering, the domain wall centre shifts by ~ = ln(a12a13)~/K1 - The
shift of the soliton centre is half as large, ~ = —~~i2.Besides, in the soliton, the internal oscillation
phase shifts by 8 = arg a12. The explicit expression of the phase shift in terms of the soliton and domain
wall parameters is rather cumbersome; but it is simpler in the limiting case of a linear spin wave
scattered by a domain wall. Linear magnons are obtained from the soliton expression in the limit
Re K2 = Re i-’2 = 0. The magnon phase shift is in this case [99, 109],

/ cv K
21\6 = ii- —2 arctan(k/K

1) + 2 arctanl\—~k
2 + ~)- (7.52)

Here cv and k are the magnon frequency and wave vector, and V and K
1 the domain wall velocity and

dimensionless energy. Particular cases of this formula for V= 0 and V4 V0 were obtained in refs. [iio,
ill].

In the presence of a domain wall, the additional shift of the magnon phase 6 changes the allowed
values of their wave vectors and hence the density of magnon states by

~g(k)=~- ~6(k,V).

When the domain walls form a low-density classical ideal gas, the quantity ~g makes it possible to
construct the low-temperature thermodynamics of the magnon system in the presence of domain walls
and to find the equilibrium density of the domain walls with account of their interaction with magnons.
This program was realized in ref. [109]. (Phenomenological thermodynamics of ferromagnets was also
the subject of refs. [112, 1131.)

Finally, when considering the interaction of two magnetic solitons, the general solution (7.46) is to
be used with N = 4 and the domain boundaries are to be “bound” two by two into two solitons. Let the
subscripts 1 and 2 indicate the first soliton, and 3 and 4 the second. As in the preceding cases, the
soliton interaction is reduced to additional shifts of the centres of the solitons and of the oscillation
phases of the magnetization in them. The centres of the first and second solitons shift by the distances

ReK
‘~12= ln(a13a14a23a24)J/2 Re K1 = — Re K3 ~i2’

and the phases of the internal oscillations by

812 = —(i/2) ln(a13a14/a23a24) , 634 = (i/2) ln(a13a23/a14a24)
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respectively. The phase shifts for the particular case of an isotropic ferromagnet are presented in ref.
[i14]; soliton scattering in a uniaxial case was numerically studied in ref. [115]. If the phase shifts are
known, the low-temperature thermodynamics of magnetic solitons can be constructed.

7.6. Semi-classical quantization of solitons in a biaxial magnet

In section 6.3 we noticed the following interesting property of exactly integrable nonlinear dynamic
systems. Quasi-classical quantization of excitations there yields results quite identical to those of the
corresponding quantum systems [60, 6i]. Therefore, it is interesting to compare the magnetic solitons in
the Landau—Lifshitz equation with biaxial anisotropy and the spin complexes in the corresponding
quantum system. Such a system is represented by the Heisenberg chain given by the Hamiltonian (1.5)
with J1 ~ J2 ~ J3 (the so-called XYZ model). The proof of complete integrability of a one-dimensional
quantum XYZ model with spin s = 1/2 is due to Baxter and is presented in ref. [ii6]. Later, ref. [117]
found the spectrum of the lowest energy levels of states analogous to the Bethe spin complexes.

When the exchange integrals J3 > J2 > > 0, the expression for the excitation energy obtained in
refs. [116, i17] may be written as follows [93]:

L).1~ ‘\~ti~2 r2~ )V~3~I - 2 2 2 1/2
E = K( )sn( ~ [sin (aP/2/1) + cos (aP/2/1) sn (?),q)]

x[sin
2(aP/2/1) + q2 cos2(aP/2h) sn2(?), q)]V2• (7.53)

Formula (7.53) gives the dependence of the energy of the spin complex E on its total momentum P and
the number of magnons N bound in the spin complex. The integer parameter N enters into the
argument of the elliptic sine sn(?), q),

= ~[K(q’)/K(q~)]N. (7.54)

In this relation, the parameter ~ and the moduli q and ~ of the complete elliptic integrals of the first

kind are expressed in terms of the exchange integrals ~k as follows:

= (J~— JRJ~ — ~ q’ = Vi. — ~2 (7.55)
cn(2~,q’) = J

1/J3, (7.56)

K(q)/K(q’) = [K(q’)— ~]iK(q), q’ = Vi — q
2. (7.57)

In the limit .12—s. J
1, where the XYZ model transforms into the XXZ model considered earlier,

formula (7.53) is converted into expression (6.37). An important difference of a biaxial ferromagnet
from a uniaxial one isthat, as follows from (7.55) and (7.57), in a biaxial ferromagnet the quantum
number N has the upper bound Nmax = K(q~’)/~— 1.

Let us go back to the classical statement of the problem of the magnetic soliton. A distinctive feature
of the quasi-classical quantization of such a soliton in a biaxial ferromagnet is that the whole z
projection of the magnetization, eq. (3.5), is no longer an integral of the motion. Therefore, to
quantize the soliton motion, it is necessary to construct an expression for the adiabatic invariant. In the
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soliton (7.20) and (7.21), the motion is periodic, with period T=2IT/~to~in the reference system
moving together with the soliton. Taking this fact into consideration and using expression (3.4) for the
momentum conjugate to the quantity’p, the adiabatic invariant may be written as follows [118,87, 119]:

1= ~- J d~JdtP (~-~) = ~- f d~-~-- fdt (M0 - M )(~-~) . (7.58)~ 3t E—V1=const. 2,a0
2IT Z at ~—Vt=const.

0 0

Quasi-classical quantization consists in the requirement I = fIN, where N is an integer which may be
given the sense of the average number of soliton-bound magnons. By substituting formulae (7.20) and
(7.21) for the magnetic soliton into (7.58), one readily obtains an implicit expression for the adiabatic
invariant,

Sn2(I/Ia, Q) = K2 + k2B2 — KVB, (7.59)

where B is specified by formula (7.22), and the relation between K, k, V and cv by relation (7.23). The
modulus of the elliptic sine is Q = i/V1 + £ and 1~= fIN

1 Q.
As in the quantum case, physically different states are characterized by values of N in a limited

range, N < Nmax = N1 QK(Q), where K(Q) is the first complete elliptic integral. Note that in the
sine-Gordon equation, similar to the Landau—Lifshitz equation, the situation is similar: the adiabatic
invariant and the quantum number N are bounded from above [120—122].

The dependence N = N(V, to) for solitons in a biaxial ferromagnet is similar to formula (6.28) for an
easy-axis ferromagnet and is reduced to it as Q—s. 1. But in the uniaxial case, the point V= to = 0 was
singular, with N = cc Now, the whole interval cv = 0, V~<V0 on the (V, cv) plane is singular, with N
attaining the maximum value N1QK(Q).

Let us now calculate the field momentum of a soliton in a biaxial ferromagnet by substituting the
solution (7.20), (7.21) into formula (3.4), with the following result:

P = (P0iiT) arccos A, (7.60)

where A is specified by expression (7.22) and P0 = 2IThs/a.

The energy of the soliton solution was calculated in subsection 7.4 [seeformula (7.50)],
E=

2EBK(V, cv). (7.61)

It has the same form as in a uniaxial ferromagnet, eq. (6.27). Though in this case the dependence
K(V, cv) is specified by a more complicated expression than in a uniaxial ferromagnet, the parameter K
in both cases has the same physical meaning. It gives the rate of exponential decrease of the
magnetization away from the soliton. For the soliton parameters cv = 0, V~<I7~the dependence
E = E(V) becomes two-valued, because in the limit of to —+ ±0the solution transforms into two Bloch
or two Neel domain walls. The energies of these boundaries are, however, different in a biaxial
ferromagnet.

Equations (7.59) and (7.60) implicitly relate the two dynamical parameters of the soliton solution, V
and to, to the two other parameters, P and I~,admitting simple quantum-mechanical treatment. We
express by relations (7.59) and (7.60) the parameters cv and V in terms of P and 1~and substitute the
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respective expressions into formula (7.6i). Then we have [93]

E = 2E~ [sin2(irP/2P
0) + cos

2(irP/2P
0) sn

2(I/1
0, Q)]V

2Qsn(
0,Q)

x [sin
2(irP/2P

0) + Q
2 cos2(irP/2P

0) sn
2(I/1

0, Q)]
112. (7.62)

We see that in a biaxial ferromagnet the energy of a magnetic soliton is still periodic as a function of its
momentum.

For I= fIN this formula yields a semi-classical spectrum of localized excitations of a biaxial
ferromagnet. Compare this spectrum with the excitation spectrum of the quantum XYZ model, eq.
(7.53).

Comparison of the XYZ model with the biaxial classical ferromagnet implies that all the exchange
integrals have values close to each other. Let us use formulae (iii), (1.12) and (1.14) and consider
relations (7.53)—(7.57), taking into account a//3

3 = l~ and 1~l~f~3= —~. Because J11J3 = 1— (a/
lo)2(1 + s)/2 and a/104i, expression (7.56) leads to ~=(a/l0)(i + £)v

2/24i. Then, from (7.57) it
follows that q c7’. Expression (7.55) may be rewritten as ~-2 = c/(i + s). Then the moduli of the
elliptic functions in (7.53) will become q = (1 + ~)1/2 Given q, ~‘ and ~, formula (7.54) may be
readily rewritten: ~ = N(a/1

0)(i + £)h/2/2. Finally, we find from (i.14) (J
2
3 — j~)1/2I 4a

2l
0M~133(1+

~)1/2 Setting in (7.62) s = 1/2, 1= fIN and 1~= fIN1Q, we obtain the identity of the semi-classical
expression (7.62) and the exact quantum result (7.53).

We have mentioned that exact coincidence of the quantum and semi-classical excitation spectra is
characteristic of exactly integrable systems. It was shown [i23—125]that these spectra for bions in a
system described by the sine-Gordon equation coincide. Earlier [20] it was shown that the energy
spectrum of solitons in an isotropic ferromagnet is equivalent to that of Bethe spin complexes. Later
this result was confirmed in ref. [i26]. The profound interrelation of exactly integrable classical and
quantum models is emphasized by the recently-developed quantum inverse scattering method [6i, i23,
124, i27—i31].

8. Magnetic solitons in an easy-plane ferromagnet

Let us consider a ferromagnet with easy magnetization plane anisotropy. The dynamics of easy-plane
ferromagnets certainly could have been considered in section 6, dealing with uniaxial ferromagnets. To
do so, we would have had to change the sign of the anisotropy constant 13 in the Landau—Lifshitz
equation (6.3) (in an easy-plane ferromagnet, f3 <0). This, however, essentially alters the ground state
of the ferromagnet: the vector M in the ground state lies in the “easy” plane and its direction in this
plane is not fixed. Therefore, we cannot use the explicit expressions for the soliton, eqs. (6.17) and
(6.i8), only replacing in them /3—s. —/3. This case has to be considered separately.

A more detailed study of solitons in magnets with easy-plane anisotropy is worth doing for one more
reason. At present, the nonlinear properties of quasi-one-dimensional ferromagnets are best investi-
gated experimentally on samples of CsNiF3 and TMNC, which have easy-plane anisotropy above the
three-dimensional ordering temperature [67,132—i36].

After the study of solitons in a biaxial ferromagnet, it is not necessary to obtain new solutions of the
Landau—Lifshitz equations for easy-plane solitons, because we can use the limiting values for the soliton
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solutions found in section 7. Besides, with the results of the preceding section, we can investigate
solitons beyond the case of an isotropic easy plane. Taking anisotropy in the easy plane into account
can result in interesting effects. But let us start with the case of an isotropic easy plane.

8.1. Dynamics of a ferromagnet with an isotropic easy plane

In the simplest case of a ferromagnet with easy-plane anisotropy the energy density (6.2) with /3 <0
is

W’ ~a(aMIa~)2+ ~j13~M~—H-M. (8.1)

Let us change the notations of the basic parameters to
0 and 10, /icv0 = 2~/3 /L0M0 and l~= \/a / /3. If the

coordinate is measured in units of 10 and time in units of 1/to0, then eqs. (6.4) and (6.5) have the
following form:

-~ + — (~)2] sin0 cos 9 + sin 0 = h2 sin 0— h~cos 0 cos’p, (8.2)

~j (sin2o ~-~) — sin 0 = h~sin 0 sin ~ , (8.3)

where h~= H~/ /3 M0, h2 = H2 / f3 M0 and H~,H2 are the components of the external magnetic field.
Consider first the magnetization dynamics in the absence of an external magnetic field (H = 0).

Though in the xy-plane, the ground state is continuously degenerate, we shall assume for simplicity that
at infinity (as ~—s.±cc)the magnetization vector M is directed along the x-axis. Introduce the polar
coordinates ~i and x associated with the axis, where the azimuthal angle x is measured from the y-axis in
the zy-plane. The relation of the new coordinates (~/‘,x) to the initial polar coordinates (O,cp) is
straightforward (fig. 16),

z

z~i
I __ —

Y

Fig. 16. The relation between the coordinates i/i, x and 0, ~ in an easy-plane ferromagnet.
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cos 0 = sin ~/i sin x~ cos ~1r= sin 0 cos ‘p. (8.4)

The expression for a magnetic soliton in an easy-plane ferromagnet may be obtained from the
expression for a soliton in a biaxial ferromagnet after setting the anisotropy parameter £ = —1. Indeed,
in the limit c—s. —i eqs. (7.4) and (7.5) describe the dynamics of a ferromagnet with easy-plane
anisotropy. However, in this limit the xz-plane is the easy plane. Since we have chosen the xy-plane as
the easy plane, in the expression obtained earlier for the magnetic soliton, eqs. (7.23), (7.24), (7.26)
and (7.27), in the limiting transition c—s. —1, one has to replace simultaneously the variables (0,cp) by
(i/i, x). As a result, the solution for an easy-plane magnetic soliton may be represented as

sinA cos(1~—ia)

w(~ji,x)~tan(~Ii/2)e~=sinha cosh(~—iA) (8.5)

where ~ = k~— cvt, ~ = K~— ?)t, a  0 and 0 ~ A ~ ir/2. Choosing as independent parameters the
quantities a and A, one can easily express all the other parameters of the solution (8.5) in terms of
them,

k = sinh a cos A, c~= ~ sinh 2a cos 2A,
(8.6)

K = cosh a sin A, ~ = ~cosh 2a sin2A.

If we now disregard the imaginary constant phases ia and iA, then expression (8.5) may be treated as
a nonlocal spin wave having the phase ~ = k~— tot and an envelope with phase ~ = K~— i~t.From the
latter it follows that the centre of mass of the soliton (envelope) moves with velocity V= ~IK. Let us
introduce the precession frequency in the frame of reference moving with this velocity,

cv = — kV= c — lcq/K = —tanh a (cosh2a — cos2A) <0. (8.7)

We see that the soliton frequency cv in an easy-plane ferromagnet is negative.
Linear spin waves correspond to the limit A —*0, so that we may set K =7~ = 0, k = sinh a and
= ~ sinh 2a. Thus, the spin wave dispersion law is reduced to the relation

~=k\1i+k2. (8.8)

This dispersion law is similar to the Bogolyubov spectrum of excitations in a weakly nonideal Bose gas
of particles with repulsion. The Goldstone character of the spectrum (8.8) stems from the continuous
degeneracy of the ground state.

Let us go over to the parameters to and V, where to = c~— kV, and V is the group velocity of the spin
wave. Then the dependence cv = to(V) corresponding to the dispersion law (8.8) can be written in
parametric form as follows:

cv—k3/Vi+k2, V(i+2k2)/Vi+k2. (8.9)

Curve AA in fig. 17 shows the dependence cv = cv(V) for a spin wave. The lines AA start at the
points cv = 0, V= ±1,and for large k values (i.e. for large V) become parabolas ~ —V2/4. Let us
trace the evolution of the character of spin waves as they move along the curve AA. In the vicinity of



176 A. M. Kosevich et a!., Magnetic sO!itons

z
(SI)

Fig. 17. The curves P = const. and N = const. in the (V, w).plane. Fig. 18. The magnetization dynamics in a spin wave (the closed curve
1) and in a rotary wave (curve 2).

the points V= ±1,cv = 0, i.e. when k 41 and jcv~41, the following situation arises in the spin wave:

cu ~0~cos(k4— wt)~, x = 0(mod 7r). (8.10)

Thus, the vector M, at small frequencies, oscillates practically the heavy plane (curve 1 in fig. 18). The
situation is different with large wave vectors (k ~‘ 1),

~/i=const., ~=k~—~t,

i.e., the magnetization vector precesses along a cone with a nearly constant divergence angle. In
contrast to an easy-axis ferromagnet, in this case the precession of the vectorM in a spin wave is around
an arbitrary direction in the easy plane. This is caused by the infinite degeneracy of the ground state, in
contrast to the double degeneracy of the earlier considered cases.

The nonlinear localized excitations (magnetic solitons) given by formula (8.5) exist for values of the
parameters (1/, cv) corresponding to points within the hatched area in fig. 17.

In addition to curves AA, the magnetic soliton region is bounded by the section of the velocity axis
cv = 0, V ~ 1. This section of the axis corresponds to a special type of localized stationary-profile
excitations, the so-called magnetic rotary waves. In a rotary wave, time enters only in the combination

— Vt. Therefore, for such waves, eqs. (8.2) and (8.3) become ordinary differential equations and are
easily solved. The solution is as follows:

cos 0 = Vi — V
2 sech[V1 — V2(~— Vt)], tan ‘p = —V cosech[Vi — v2(~ — Vt)]. (8.11)

It was first obtained in ref. [44].
In an immobile rotary wave (V 0) the magnetization vector turns in the plane perpendicular to the

easy plane. On the contrary, in the limit V—s. 1 it turns in the easy plane, as in the spin wave with the
group velocity V = 1. For intermediate values of the rotary wave velocity, the magnetization turns in a
plane that makes an angle x = x

0 ranging from 0 to ir/2 with the easy plane (curve 2 in fig. 18). This is
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especially well seen if we change to the angular variables ~/‘and x by formulae (8.4). In the new
variables, in the rotary wave,

tan(cui/2) = exp[Vi — V2(~— Vt)], (8.i2)

cos~
0V. (8.13)

Expressions (8.12) and (8.13) may also be obtained from the general soliton solution (8.5), (8.6). To
do so, the limiting transition a = k = = 0, cos A = V is to be made.

Although the form of solution (8.i2) for the rotary wave is similar to the solution for a domain wall,
its physical meaning is different. As was emphasized in section 5, domain walls separate regions in a
magnet which are in different ground states separated by an energy barrier. In contrast, in this case, a
boundary separates two states in which the magnetization vector lies in one and the same plane and the
states with 0 = lTi

2, ‘p = 0 and 0 = ir/2, ‘p = IT are not separated by an energy barrier. Such a
magnetization distribution topologically does not differ from the uniform magnetization state.

Magnetic solitons in an easy-plane ferromagnet are qualitatively similar to solitons in a biaxial
ferromagnet and are practically the same at large negative frequencies. Movement of localized
magnetization with velocity V is attended by a wave of amplitude correlations which move with their
own velocity. In an easy-plane ferromagnet the soliton centre always moves faster than these
modulations do. The character of the excitation is most simply pictured in the case of a small-amplitude
soliton, i.e., when the parameters V and to are close to those in a linear spin wave (the area near the
line AA in fig. 17). The soliton solution in this range of the parameters can be represented as a power
series in the small amplitude. Small-amplitude magnetic solitons in an easy-plane ferromagnet were first
found by the asymptotic method in ref. [137]. It also took account of the presence of a magnetic field
lying in the easy plane; however, if it is set to zero, the results of ref. [137] are the same as those
presented in this section.

Small-amplitude solitons result from the general expression (8.5) in the limit A4i,

cos(i~—ia) K
W= coshK(~—Vt) (8.14)

The envelope of the magnetization field has the standard soliton form, i.e., is proportional to
K sech K( ~ — Vt). The soliton amplitude and localization region are characterized by the parameter
K A cosh a. If the frequency cv is fixed (i.e., a is fixed), the smallness of K is governed by the
difference between the soliton velocity V and the group velocity of a spin wave with the same frequency
v = ato/ak. From expressions (8.6), for small A, it follows that K [2(i + k2)]’’2(i — V/v)”2.

More interesting is the dynamics of the magnetization in the limiting nonlinear case, where the
soliton parameters essentially differ from the linear spin wave parameters. We shall restrict ourselves to
a description of immobile solitons. When V= 0, it follows from relations (8.6) that ~j = k = 0, A = IT/2,

K = cosh a, to = c~= — ~sinh 2a. The expression for the magnetic soliton becomes simpler,

1K cos(cvt—ia)w=— - , (8.15)cv sinh K~

cv_KVK2~i, aArcoshK.
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To give a better idea of the character of the motion of the magnetization in the soliton, we write the
explicit form of the deviation of the vectorM from its direction at infinity and of the precession phase,

tan(qi/2) = ~ sin~K~’ tan(X — IT!2) = Vi — i/K2 tan tot. (8.16)

It follows from these expressions that for large frequencies (i.e. large K) the magnetization
precession amplitude is almost independent of time and the soliton is practically the same as that in an
easy-axis ferromagnet [see (6.22)],

tan(cui/2) cosech \/f~{~,x tot.

For small frequencies (K 1), the magnetization dynamics is approximately given by the following
formula:

tan(cui/2) = 2 . 2 (8.17)
VK —slnx

The corresponding curves are schematically shown in fig. 19. At large distances from the soliton centre
the vectorM precesses around a certain direction in the easy plane (the x-axis in this case), oscillating
practically in the xy plane (as in a spin wave with small k). Near the soliton centre (~4 1) the
magnetization vector precesses around the opposite direction 0 = in2, ‘p = in and the vector M
oscillates in the direction perpendicular to the easy plane. In fig. 19 the trajectories 1 to 5 correspond to
different values of the coordinate ~ from cc to 0.

A low-frequency soliton may be represented as a bound state of two rotary waves, the vector M

changing from cli = 0 to ~‘= in in one of them and turning further till it reaches the initial position in the

z

/ ——---F---.. ~

/
‘3

y

Fig. 19. The trajectories of the magnetization in a soliton with a small frequency; curves 1 to 5 represent the different values of the coordinate ~ (1:
~ 5: ~0).
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~lv
.71

-~ -‘4n/w/
Fig. 20. The magnetization distribution in two interacting rotary waves.

other. The dynamics of such an interaction of two rotary waves is shown in fig. 20. In the case of
maximum convergence (line 1 in fig. 20), the rotary waves lose their identity, and there is a single
rotation of the magnetization in the easy plane x = 0, similar to that of a 360°domain wall. When the
separation is maximal, x = in/2 (curve 2), the distance between the two boundaries is of the order of
lnjto~ and increases as the precession frequency cv~ decreases. In the limit cv = 0, we have two
noninteracting standard infinitely separated rotary waves.

Now we shall present the expression for an easy-plane magnetic soliton in terms of the initial
variables 0 and ‘p. It is convenient to use again the complex function w(0, ‘p) tan(0/2) e~.Equations
(8.4) suggest the following relation between the functions w(0,’p) and w(~/i,,y):

i+iw(cli x)
w(0, tp)= — iw(~x) - (8.18)

Substitute the soliton solution (8.5), (8.6) into this expression and obtain the standard form of the
solution in terms of exponential functions,

1 + e’1~+ e’12 + a12 e’11~’12
w(0, ‘p) ~+ e’1~~’~+ e’12~~+ a,2 efh~’12 (8.19)

where ~, = K.~+ v,t + i~ and the solution parameters are related as

* * 0 0~ 2 20 2 2 2K2K1, v2=v~, ?)2=~fl, , K1=chfl~, v,=K~(i—K1),
(8.20)

2 2 - 02

a = (K1 — K2) (v2K, — P,K2) = (slnhRefl,12 (K1 + K2) (v2K~+ v1K~) \ cosImi~ -

Here is also an expression for the function w(0,cp) in the case of a magnetization rotary wave
obtained via formulae (8.11),

w(0, cp)= (1 + e’1)/(l + e’1~”~)- (8.21)

Here 77 = K~+ vt + 770, the parameters K and v are real, and 770 is a purely imaginary quantity. The
dependences K = K(77°) and ii = v(77°)are the same as those for a magnetic soliton (8.20).
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Generally speaking, for a given velocity V there are two magnetization rotary waves: in one of them
the angle 0 is in the range 0 ~ 0 < iri2, and in the other it is in the range ir/2 ~ 0 < in. In the solution
(8.21), these two rotary waves correspond to 770 values differing by un.

Expressions (8.19) and (8.21) for a magnetic soliton and magnetization rotary waves satisfy the
boundary conditions chosen: at infinity the magnetization vector is directed along the x-axis. In case of
an arbitrary direction of M( ~ = cc) in the right-hand sides of (8.19) and (8.21) there appears a factor
exp(i’p0), where the arbitrary constant ‘pt, is the azimuthal angle of the magnetization at infinity.

Comparing the expressions for the soliton solutions in an easy-plane ferromagnet, eqs. (8.19) and
(8.21), with those for the multisoliton solutions in a biaxial ferromagnet, eqs. (7.40) and (7.45), we see
that they have a different structure. In the case of easy-plane anisotropy, in the multisoliton solution the
numerator and the denominator of the function w(0, ‘p) are expressed in terms of identical series of
exponential functions. Multisoliton solutions of the nonlinear Schrödinger equation [138, 106] and of
the complex sine-Gordon equations [139, 1401 have a symmetric structure similar to (8.19). This seems
to be related to the continuous degeneracy of the ground state in the system, as was first indicated in
ref. [139].

The phases of the exponential functions in the denominators of expressions (8.19) and (8.21) are
shifted from the phases of the corresponding exponential functions in the numerators by in. The
physical reason is that in a rotary wave the magnetization rotates by in, and a magnetic soliton may be
treated as a bound state of two magnetization rotary waves.

In conclusion, we note that, as in the case of a biaxial ferromagnet, the solution (8.19) for the
magnetic soliton admits analytic continuation to the range of the real values of K,. When K, and v,
(K1 ~ K2) are real and ?7~is purely imaginary, expression (8.19) gives the scattering on each other of two
different magnetization rotary waves. The relation between the constants of solution (8.20) remains
quite the same.

Expressions (8.19) and (8.21) are easily generalized to the case of an arbitrary number of
magnetization rotary waves and magnetic solitons,

= N ~ a,1 exp(7721 + --- + ~ , (8.22)
~n0 ~C,, a,...2, exp(77, + -- - + 7J, + inn)

where a~1..., are specified by expression (7.47) and N= N, + 2N2, N, being the number of magnetiza-
tion rotary waves and N2 the number of magnetic solitons. The parameters of the solution are related by
eqs. (8.20), where the rotary waves are represented by real parameters K,, and the solitons by pairs of
complex conjugate parameters K1 = K~.

8.2. Solitons in the presence of a magnetic field

The dynamics of a ferromagnet with easy-plane anisotropy is very sensitive to an external magnetic
field. Even a weak magnetic field alters the character of the ground state and therefore the form of
localized solutions. Let us start with the case where a magnetic field is perpendicular to the easy plane
and does not alter the axial symmetry associated with the z-axis. In this case, the form of the ground
state depends on the strength of the external field. The critical value is H2 = /3~M0. In a field
H2 < f3 M0 the magnetization in the ground state deviates from the easy plane and is characterized by
an inclination 0 = 00 to the z-axis, where cos 00 = h2 = H2/I 131M0. The angle ‘p remains arbitrary. For
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brevity, such a ground state is referred to as the easy cone. As the field increases, the angular opening
of the cone becomes smaller, and for h~ 1, the magnetization in a nonexcited ferromagnet lies along
the z-axis.

In the present case, the dynamical equations for the magnetization (8.2) and (8.3) become

a28 I fa~\~1. fa~ \
—i +~l—~-j) ]s1nOcosO+I\-~--—h~)s1nO0~ (8.23)

~ (sin~ü~)= sin 0. (8.24)

Note that the form of eq. (8.24) depends neither on the sign of the anisotropy, nor on the magnetic
field h~.Therefore, the relation between 0 and t3ço/a~that follows from (8.24) has a form that depends
only on the character of the ground state, i.e. on the asymptotic behaviour of the solution for ~ ±~.

It is convenient to start the investigation of the excitations in an easy-plane ferromagnet by
considering the spin waves. Let us assume that in the ground state the magnetization lies on the surface
of the “easy cone” in the xz-plane. Then, in the spin wave, ~ ~ 1, and 0 = 0~+ i~where t~~ 1.
Linearization of eqs. (8.23) and (8.24) with respect to ~ and i~results in the following set of linear
equations:

(8.25)

~1—h~ — =0, (8.26)

which is easily integrated and yields the spectrum of spin waves

w=k\/1—h~+k2. (8.27)

As in the case without magnetic field, the spectrum has a Goldstone character, which is due to the
ground state degeneracy in the magnetization direction on the “easy cone” surface. In the spin wave,
the magnetization vector precesses in such a way that its end describes an ellipse oblate near the easy
cone surface. When the wave number k is small, the magnetization M oscillates practically on the cone
surface, while for larger k it rotates circularly around the ground state direction chosen. In a reference
frame moving with the group velocity V, the spin wave spectrum may be written as

w = —k3/\/1 — h~+ k2, V=(1 — h~+2k2)I~1— + k2. (8.28)

The dependence w(V) is qualitatively the same as in the absence of a magnetic field (the curves AA in
fig. 17). But the minimum group velocity decreases as the magnetic field increases, V

3 = (1 — h~)1 /2~
As in the absence of an external field, the section of the velocity axis between the minimum group

velocities of spin waves, w = 0, — V0  V V0, corresponds to magnetic rotary waves. Such solutions
were first obtained in ref. [73].Rotary waves have a stationary profile, and ec~s.(8.23) and (8.24) for
them can be integrated simply.
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Equation (8.4) should be solved under the natural boundary conditions,

0—~00, aw/a~—~0for ~ ~x• (8.29)

The relation between atpIa~and 0 following from eq. (8.4) has the form

3tp/0~=V(cos 0— h~)Isin20, (8.30)

where V is the rotary wave velocity.
By substituting relation (8.30) into (8.23), we arrive at an equation that is easy to integrate. There

appear to be two types of rotary waves, which will be called type A and type B. They are characterized
by the following solutions:

v2 - v2
cos 0 — = 0 ________ , (8.31)

±Vi — V2 cosh[~V~— V2(~ — Vt)]

— — V{h~cosh[\/V~— V2(~— Vt)] ±Vi — V2}
an~— 2 2 , (8.32

\/V
0 — V sinh[~V~— V

2( ~ — Vt)]

where the plus sign is for the A-type waves and the minus sign for the B-type waves. Equation (8.31)
suggests that in an A-type wave 0 < 0~,and the magnetization rotation is inside the “easy cone”. In a
B-type wave 0> 0~,and the rotation is outside the “cone”. When h~= 0, the waves of both types have
equal amplitudes and differ only by the direction of rotation with respect to the easy plane. As the
velocity V tends to its limiting value, V

0, an A-wave becomes completely delocalized and its amplitude
is zero. The amplitude of a B-wave remains finite for any velocity in the range [—l7~, V3], but as V tends
to V0, this solution transforms into a soliton with power-law decrease of its amplitude at infinity
(algebraic soliton),

cos 0 — h = — 2 2 (8.33)Z 1+h~(~—V0t)

Let us now analyze expression (8.32) for the change of the azimuthal angle in a rotation wave. First
of all, it shows that in A- and B-type waves the magnetization rotates in opposite directions. The full
rotation of the vector M in the wave is

= 2 arctan(\/V~— V
2Ih~V), ~B = — 2~. (8.34)

Though expressions (8.31) and (8.32) are rather cumbersome, the dynamics of the vector M in rotary
waves is quite simple. With the above solution being substituted, we see that the vector M is always
perpendicular to the vector with the projection (0, —(1 — V2)”2, V). Thus, the magnetization vector
rotates in a single plane, which is inclined with respect to the easy plane at an angle arccos V, similar to
that without magnetic field.

The dynamics of the magnetization in rotary waves is represented in fig. 21. It shows the cone of the
ground state and the plane S of the rotation of the vector M. The intersection of this plane with a
sphere of radius M

0 represents the trajectory of the magnetization vector in the rotary wave as the
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Fig. 21. The dynamics of the magnetization in A- and B-type waves.

argument ~ — Vt changes. The sector of the plane that is inside the “easy cone” and corresponds to
A-type solitons is shaded. In a B-type wave the rotation has the opposite sense and is measured by a
conjugate angle. When V= V3, the plane S of the rotation of the vector M is tangent to the cone
surface. In this case, the B-type wave becomes an algebraic 360°domain wall. Finally, when V > V3, the
plane S does not intersect the ground state cone, and the vector M rotates in it in one direction
corresponding to a periodic nonlocalized wave.

The expression for the rotary wave has the simplest form in terms of the function w(0, ~)used
already more than once. Substitution therein of the solution (8.31), (8.32) leads to the following:

/ i—hi i+e~Ia
W ~i+h~ 1+e’~’ (8.35)

tan ~(a + /3) = h~tan ~(a — /3) = \I(V0/V)
2 — i , (8.36)

and the wave phase is ~ = ~ — V2 (~— Vt). The solution (8.35) differs from the solution (8.31),
(8.32) by an additional turn in the easy plane by the azimuthal angle (IT — a + /3)12. Comparison of the
result with formula (8.21) for a rotary wave in the absence of a magnetic field shows that, in the field,
the difference a — /3 giving the full change of the azimuthal angle is A~A,not iT (for definiteness, we
present the formula for an A-wave).

Let us discuss now two-parameter precession solitons. The range of V and w where such solitons
exist is bounded by the curves of the spin wave dispersion law (8.28) and the section of the velocity axis
V <V

0 corresponding to magnetization rotary waves. By comparing the expressions for a rotary wave
in a magnetic field (8.35) and without field (8.21) and having the soliton solution (8.19) for an
easy-plane ferromagnet without field, one can easily predict the form of the soliton solution in the
presence of a field h~<1. It is as follows:

/T~h~1 + e~~a+ e71*+tcr* + a
w(0, ~)= ~J1 + h~1 + ~ + ~ + a ~ (8.37)
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where i~= i~ + i.’t and the parameters of the solution are related as

I 2 2

P = K~1 — h~— K

tan ~(a+f3)=h~tan ~(a—f3)=—K2/P, (8.38)
* * 2 *2

a=K+K* p*K2+PK*2

A particular case of this solution for an immobile magnetic soliton was first obtained in ref. [141]. In the
general case, multisoliton solutions were obtained in various ways in refs. [142—144].

Since the expression for the soliton solution is cumbersome, we shall not discuss it for arbitrary
relations between the parameters, but we now emphasize the following fact. It follows from expression
(8.37) that in this soliton the state of the system is different for ~—* —cc and ~—* cc~When ~ = ± cc,the
magnetization lies on the easy cone surface, but has a variety of directions. The vector M rotates about
the anisotropy axis by z~= 2 Re(a — /3).

We restrict ourselves to considering the two limiting situations, namely, (1) a weakly nonlinear
small-amplitude moving soliton and (2) a strongly nonlinear immobile soliton.

In all the above considered cases, the parameters of small-amplitude solitons were close to the spin
wave dispersion law. In this case, we deal with a different situation. The linear spin wave is
characterized by the values Re K = Re ~‘ = 0. However, if the limiting transition Re K —*0, Re v—*0 is
made in expressions (8.37), (8.38), small-amplitude solitons and spin waves result only when k =

Tm K > h~.If we introduce the notation u = Re K, then the expression for a small-amplitude soliton
becomes as follows:

/1—hi / . 2cr cos[k(~—vt)—i~]\ /. 2o~h~
W~1+h~l1(k2h2) coshu(~—Vt) )exPy(k

2h2)tanhu(~_Vt))~ (8.39)

where tanh ~ = k/v and v and V are the phase and group velocities of spin waves, which are specified by
expressions (8.27) and (8.28). The second term in parentheses represents a minor soliton deviation
from the ground state w0 = w( ~ = cc) and the exponent of the exponential function corresponds to a
small (since u ‘~ 1) magnetization rotation in the soliton. In the limit cr—* 0, we~arriveat the following
expression for linear spin waves:

W w0cos[k(~ Vt) —it]. (8.40)

But it is seen from formula (8.39) that it loses its sense as k—* h~.It turns out that, when k < h~,the
limiting transition cr—*0 in (8.37) does not lead to linear spin waves, but to unusual one-parameter
finite-amplitude solitons similar to a rotary wave. In these solitons the states for ~ = ±ccare the same
and the asymptotic behaviour for 4~—* cc has a power-law character. Thus, this is an algebraic soliton
with velocity V0 ~ V<2 — V~.Such solutions will be discussed later in more detail, using the example
of high magnetic fields h~ 1.

Consider now the opposite case of a limiting nonlinear situation. We shall only consider immobile
solitons (V= 0). They correspond to the limit Im K = Re i.’ = 0. If we denote w = Tm ~‘, then solution
(8.37) for a magnetic soliton is rewritten as
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/1 —h~~(crIV0)
2—1 sinho~—cos(wt+iy

1)
w=~ , (8.41)1 + h. \/(cr1V0)

2 — 1 sinh o-~— cos(wt + i
72)

2 = u
2(u2 — 1 + h~), (8.42)

coth y
12 = (1 ~ h, + — V~)Iw. (8.43)

We see that in an immobile soliton, in contrast to a moving one, the states for ~—* +cc and ~ —cc
coincide (~~ = 0). Therefore, it is natural to change to a system of coordinates associated with this
ground state M(~= cc) = M0n, where n = ((1 — h~)”

2,0, h). We denote the polar angle associated with
the n-axis by ~i,and the azimuthal angle measured from the y-axis by x. Then, the relation between the
function w in the new and old variables is

V1—h~—V1+h~w(0,~‘)w(~,x) =1 Vi + h, + Vi— h~w(0, ~) (8.44)

By substituting solution (8.41) in relation (8.44), we arrive at the following simple expression for a
magnetic soliton:

cos(wt+ia)w(~/i,x) = iA sinh o~— (h~AIcr) sin wt (8.45)

where the quantities A, a and w are uniquely related to the parameter cr,

2/ 2 ______
_______ _____ 2 2

/ 2 2’ tanha=— / 2 2’ w~—cr~cr—V
0.

wlvo +h2 ycr —V0

Formula (8.45) suggests that the azimuthal angle x depends only on time and does not depend on the
~ coordinate. Therefore, as ~ changes from —cc to cc, the magnetization rotates (as a function of the
coordinate) in a single plane. However, the plane itself rotates about the n-axis with frequency w.
Figure 22 shows the cone of the ground states and the rotary plane S of the magnetic moment at a fixed
moment of time. This picture clearly represents the general dynamics of a magnetic soliton. When the
rotation phase is wt = iTfl, the vectorM rotates in the plane tangent to the cone of the ground states and
passing through the direction of the ground state chosen to be n. At these moments the soliton is a 360°
domain wall. In fig. 23, showing the function i/r(~) at various moments of time, this state is represented
by curve 1. For convenience the angle is shown in the interval [0,2ir]. For an arbitrary value of the
phase w t the plane S intersects the cone of the ground states and the soliton splits into two rotary
waves. In one of them, the rotation ofM is within the cone, and in the other it is outside the cone. The
maximum separation of the rotary waves corresponds to the rotation phase wt = ITfl + ir/2, when the
plane S passes through the directions of the vectors n and h. In the case, x = ir!2, and the angle ~/i

changes in the first wave from 0 to 20~and in the second wave from 20~to
2IT (curve 2 in fig. 23). The

distance between the boundaries of the region with reversed magnetization (the characteristic size of
the plateau of curve 2 in fig. 23) is proportional to — lnl wJ and increases as the frequency decreases. The
soliton may be described as a bound state of two different rotary waves (an A-wave and a B-wave). This
analogy, however, may only be used when the frequencies w are low and the maximum distance
between the rotary waves much exceeds their size.
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i-i

Fig. 22. The cone of ground states and the dynamics of the magnetization in a soliton.

In the limit w —*0, we obtain expressions for various types of immobile rotary waves. As in the
foregoing examples, if w in expression (8.45) is assumed to be purely imaginary, then we have a
solution giving the scattering of two different rotary waves in the particular case where their velocities
at infinity are equal and have opposite directions.

In concluding this section, let us consider the case of a high magnetic field, with h~> 1. In this case,
in the ground state, the vector M is directed along the z-axis, as in an easy-axis ferromagnet. The
degeneracy of the ground state vanishes and there appears a gap in the frequency spectrum of spin
waves. However, there is an essential difference between excitations of an easy-plane ferromagnet in a
field h~> 1 and of an easy-axis ferromagnet.

Consider first spin waves of a finite amplitude, i.e. solutions of eqs. (8.23) and (8.24) of the form
0 = const., ~= k~— ~t. Their dispersion law is

~=h~—(1—k2)cos0. (8.46)

2ii ____________

_________ 2O~

0
Fig. 23. A plot of ~ at various moments of time, 1: wt—nir, 2: øtnir+ ir/2.
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In the limit of zero amplitude of the spin waves

(8.47)

Let us check the stability of such small-amplitude waves. We calculate, following Lighthill [19, 87],
the ratio (t3

2w1ak2)I(aw5/a02). It follows from formula (8.46) that it equals 4/(1 — k2). Thus, for k> 1,
small-amplitude spin waves are unstable relative to formation of small-amplitude magnetic solitons. For
k < 1, linear waves are stable. It turns out that in this range of k there exist algebraic solitons of a finite
amplitude. The boundary value k = 1 corresponds to the group velocity Vgr = 2. A similar relation
between spin wave stability and the existence of algebraic solitons was dealt with above, in the case of
an easy-plane ferromagnet in fields below critical.

We shall look for two-parameter magnetic solitons in the standard form 0 = 0( ~ — Vt), ~ =

wt + ~ — Vt). It is not necessary to solve eqs. (8.23) and (8.24), because we can rely on the results
obtained for an easy-axis ferromagnet. Since the ground states are the same in both cases, the relation
between ~ and 0 remains the same and the equation for 0 has the same functional form as in the
easy-axis case. The solution for the two-parameter soliton can be obtained from expressions (6.17) and
(6.18) by the simple replacement /3—~—/3 and a shift of the precession frequency by WH = 2j~

0H~Ih.In
the dimensionless notation of this subsection, the resulting solution is [73]

tan
2(0/2)= 12cosh2K(~—~ (12k — 12)12’ (8.48)

K2 = h~— 1 — (V/2)2 — w, ~ = —i + (V12)2 — K2, 12 = \112~+ K2V2. (8.49)

The most interesting behaviour is displayed by this soliton solution when its parameters V and w tend
to those for linear spin waves, i.e., in the limit K —*0. The character of the limiting transition depends
on the soliton velocity. If V >2, then 12 f2~,and for small K values we find ourselves with
small-amplitude solitons. This agrees with the fact that for such group velocities, zero-amplitude spin
waves are unstable. In the velocity range IV~<2, on the line w = h~— 1 — V214 (corresponding to
K = 0), 11 = — 12k. Therefore, the limiting transition differs in character, and an algebraic soliton results,

tan2(012)= (~-Vt)2+4V2/(4-V2)~ (8.50)

This soliton has a finite amplitude for V <2. In the limit V= 2, the soliton amplitude tends to zero. The
immobile soliton (V = 0) is a 360°domain wall in which the magnetization vector precesses with a
frequency w = h~— 1.

8.3. Influence of a magnetic field and anisotropy in the easy plane on solitons

We now turn our attention to the situation where the external magnetic field lies in the easy
magnetization plane. In the context of recent experiments [67, 132—1361 this seems quite topical. In
experiments on samples of the easy-plane ferromagnets CsNiF

3 and TMNC, an external magnetic field
is applied as a rule in the easy magnetization plane. This problem has been considered in a large series
of papers [137, 145—149].



188 A.M. Kosevich et a!., Magnetic so!itons

Assume in eqs. (8.2) and (8.3) an external field h~= 0. Then the equations of the magnetization
become as follows:

9+[1—(~)2]sin0cos0+sin0~=—hxcosOcos~~, (8.51)

~j (sin~ü~-~)— sin 0 = h~sin 0 sin c~. (8.52)

The presence of an external field h~makes finding soliton solutions of the Landau—Lifshitz equations
essentially more difficult, and these equations seem to become not exactly integrable. At least, at
present no exact expression is known for a magnetic soliton for h~~ 0 and arbitrary parameters V and
w. However, approximate solutions of the set of equations (8.51), (8.52) can be found, and a
qualitative understanding of the character of the excitations can be gained.

It is important that a magnetic field applied in the easy plane lifts the ground state degeneracy. Now
in the ground state the magnetization is directed along the x-axis and has the components (1,0, 0).
Because the ground state degeneracy is lifted, there appears a gap in the frequency spectrum of the spin
waves, which becomes qualitatively similar to the spectrum of magnons in a biaxial ferromagnet. By
linearizing eqs. (8.51) and (8.52) with respect to small deviations from the ground state ~ ~ 1 and
0 — irI2 ~ 1, we obtain the following expression for the linear excitation spectrum:

= (1 + h~+ k2)(h~+ k2). (8.53)

If we change from the frequency in the laboratory frame of reference ~ and the wave vector k to the
spin wave group velocity V and the precession frequency w in the frame of reference moving with
velocity V, then the dispersion law (8.53) is represented by curve AA in fig. 24. This plot has the most
typical appearance for low fields, h~~ 1. In this case, the function w = w(V)_becomes essentially
different in the vicinity of the points (w = 0, V= ± V

0),where V0 = + ~i + h~ 1. For positive

(~1)

r~:
Fig. 24. The region of existence of solitons.
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frequencies and all velocities except a narrow neighbourhood of V0 (V0 — V ~ \/i~)the dispersion law
may be approximately written as w

2 + h~V2= h~.This dependence has the same form as the dispersion
law of linear excitations of the SGE equation. (We shall explain this below.) For negative frequencies
and k ~ 1, the dispersion law ceases to be typical of an easy-plane ferromagnet: w —V2/4 [see (3.15)].

As spin waves, magnetic solitons with large negative frequencies have roughly the same form as in
the absence of a field. The field effect is significant when the precession frequencies are w~ V1~.

We shall start to study magnetic solitons by considering small-amplitude two-parameter solitons.
These can be found by the asymptotic method of solving the initial equations, expanding a soliton
solution in powers of the small soliton amplitude. This asymptotic solution for a small-amplitude soliton
was obtained in ref. [137]. The smallness of the soliton amplitude is due to the smallness of the
difference between the soliton parameters and the spin wave parameters, i.e. to the smallness of the
distance to the curve AA in fig. 24. In lowest order it may be assumed that the velocity of the soliton
with wave number k coincides with the group velocity of spin waves with the same wave number k and
the frequency of soliton precession ~ differs but little from that of a spin wave with the same k,

V= ac~(k)/ak, 1— ~/~(k)~ 241. (8.54)

Then, in lowest order, the solution for a small-amplitude soliton is as follows [137, 39]:

M + iM — 4r~
0(k)M0 cos(~t— k~+ j~), (8.55)

~‘ Z \/h~+ 8k
2~+ 4 sinh2~ cosh e( ~— Vt)

where sinh ~ = (h~+ k2)112. In view of the latter relation and expression (8.54), we see that the solution
(8.55) is indeed a two-parameter soliton.

In the solution (8.55) both components M), and M~are small. If we do not restrict the approximation
to the assumption of M~4 1 and require only that M~4 1 (i.e., assume the vectorM to slightly deviate
from the easy plane), then the range of the parameters V and w for which an approximate soliton
solution is sought may be enlarged.

When the deviation of the vector M from the easy plane is small, then IT/2 — 0 4 1 and this quantity
may be used to linearize eq. (8.51). If we also require the gradients of the magnetization field and the
magnetic field to be small (a/a~4 1, h~4 1), then eq. (8.51) reduces to the following simple relation:

a(pIat~0ir/2. (8.56)

With the same inequalities, eq. (8.52) will also become simpler,

— aU/at — h~sin ~ = 0. (8.57)

By substituting relation (8.56) into (8.57), we obtain the well-known sine-Gordon equation (SGE),

a2plat2 — a2coia~2+ h~sin ~ = 0. (8.58)

The properties of eq. (8.58) are discussed in detail in refs. [150—154].The SGE, as well as the
Landau—Lifshitz equation, is completely integrable. It admits soliton solutions as kinks connecting the
different states at infinity with ~ = 0 and q’ = 2 iT and localized excitations in which the states at infinity
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are identical. Since in our case, the SGE describes a ferromagnet, the former type of solution
represents 360°domain walls in an easy-plane ferromagnet, and the latter type of solution corresponds
to magnetic solitons. Since we deal with a vectorial magnetization field, magnetic solitons and domain
walls in a ferromagnet have a more complicated structure than that of the corresponding solutions of
the scalar SGE. In our case, this manifests itself in inhomogeneous dynamic changes of the angle ~, in
addition to the change of the angle 0.

The expression for a domain wall in an easy-plane magnet in the presence of a weak magnetic field
following from eq. (8.58) is as follows:

= arctan exp~ ~ — ~2 ) (8.59)

IT 2VV~ ____

0= — Vi — ~2 sech~ Vi — ~2 )~ (8.60)

It is easy to check that the above inequalities are valid for velocities 1 — V2 ~ h,. Thus, for h
1 4 1, the

solution (8.59), (8.60) is practically valid in the entire range of velocities V~<V3, except in narrow
neighbourhoods of the points w 0, V= ± V0(see fig. 24). Note that for V= 0, the solution (8.59) is an
exact solution of the initial equations (8.51) and (8.52).

An essential difference of the solution (8.59), (8.60) from domain boundaries in a biaxial ferromag-
net is that now the magnetization states for 4 = ±cc are identical and a 360°domain wall is topologically
the same as the ground state (and thus is a nontopological soliton). Thus, topology cannot provide the
stability of such solutions. Their stability has been treated in a number of papers [147,148, 155—157]. In
particular, it was shown that, when h~> 1/3, even an immobile solution is unstable. When h~< 1/3 a
moving wall is stable, but its velocity is restricted. Besides, there exists another type of moving 360°
domain wall, in which the magnetization rotates at some distance from the easy plane. However, such
solutions cannot be obtained in terms of eq. (8.58).

Let us now consider magnetic solitons. The structure of such a soliton in an easy-plane ferromagnet
qualitatively coincides with that of a soliton in a biaxial ferromagnet, but the magnetization precesses
along a very elongated trajectory lying practically in the xy-plane. Byvirtue of the Lorentz invariance of
eq. (8.57), it is enough to consider solitons with an immobile centre of mass. The explicit expression for
such a soliton for to >0 is

coswt
~=4arctanl i, (8.61)

\ W cosh(~h~— 2

iT 2 2 cosh(Vh~—to2 ~)sin tot0 = — — 4w \/h — to 2 2 . (8.62)2 x w2cosh2(Vhw ~)+(h~—w )s1n~wt

The magnetization dynamics in the soliton is represented in fig. 25. Curve 1 shows the precessions of
the vectorM at the soliton centre, and curve 2 shows those at its periphery. The maximum deviation of
the magnetization from the easy plane does not exceed \/i~for any positive frequency: (0 —

2)max S 4 1. Therefore, the conditions of applicability of eq. (8.58) are fulfilled. If the soliton
motion (V ~ 0) is taken into account, eq. (8.58) remains valid over almost the whole range of the
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Fig. 25. The trajectories of the magnetization in a soliton.

parameters V and to between the spin wave dispersion law and the velocity axis in fig. 24. An exception
is a narrow region of velocities and frequencies near V = V

3. In fig. 24 the range of parameters of
solitons satisfying eq. (8.58) is hatched.

Equation (8.58) is much simpler than the Landau—Lifshitz equations and is often used to describe
the magnetic properties of quasi-one-dimensional magnets in discussions of experimental results on the
dynamics and thermodynamics of nonlinear excitations. However, the following should be borne in
mind. Although in our case the SGE was obtained as a limiting form of the Landau—Lifshitz equation
and is undoubtedly close to the latter in properties and structure, the two are still essentially different.
Equation (8.58), unlike (8.51) and (8.52), is Lorentz invariant. Besides, eq. (8.58) is a second-order
equation with respect to time derivatives, and changing the sign of the frequency in the solution for a
soliton does not change the sign of the solution. At the same time, the soliton solutions of the
Landau—Lifshitz equation have an essentially different character for positive and negative precession
frequencies. The SGE describes magnetic solitons only for positive frequencies. In negative-frequency
magnetic solitons the vectorM deviates essentially from the easy plane, the SGE is no longer valid, and
the initial equations (8.51) and (8.52) have to be studied.

In conclusion, let us consider the case where the ground state degeneracy in the easy plane is lifted
by taking account of a weak anisotropy in this plane, not by an external magnetic field. Here we again
have a biaxial ferromagnet considered in section 7. However, while the anisotropy in the easy plane is
weak, the Landau—Lifshitz equations (7.3) may be simplified and in some cases reduced to the above
SGE. Assume that the easy-plane anisotropy is such that the easiest direction is that of the x-axis and
the doubly degenerate ground state corresponds to M = M0(± 1,0,0). The anisotropy constants are
~ >0, /32 = 0 and f33 <0, and the anisotropy parameter introduced in section 7 is e = /31/1/331 >0.

The equations of the magnetization dynamics become as follows:

+[1_(~)
2+ecos2~]sin0cos0+sin0 ~=0, (8.63)
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~j (sin~o~-~) — ~sin~ocos ~ sin ~ — sin 0 = 0. (8.64)

Despite the apparent similarity of these equations and eqs. (7.4) and (7.5), it should be remembered
that the latter are in the polar system of coordinates associated with the easiest axis and eqs. (8.64) and
(8.63) in the polar system associated with the “hardest” axis. Therefore, the dynamic parameters of the
solutions are expressed via the anisotropy_parameter ~ in a different way: the homogeneous ferroinag-
netic resonance frequency is now Vr(i + ~),the minimum magnon phase velocity Vm = VT~ + v~,
and the Walker velocity V3 = — ‘/~. For e 4 1, the velocities V3 and Vm are practically the same.
In fig. 13 the region of solitons with positive frequencies becomes very narrow in frequency and the
section of the velocity axis corresponding to domain walls almost reaches the parabola AA of the
magnon dispersion law.

As in the case of low field, assume that the deviation of the vector M from the easy axis is small,
0 — ir/2 4 1, and that the field gradients are small too, a/at 4 1. In this case, for a weak anisotropy in
the xy-plane, r 4 1, eq. (8.63) reduces to relation (8.56) and eq. (8.64) becomes

——~j-—ecos~sin~=0. (8.65)

By substituting relation (8.56) into this equation, we again arrive at the SGE, but for the quantity 2~
this time,

(
2w)— (2~)+esin2~=0. (8.66)

The difference between eqs. (8.58) and (8.66) is due to the fact that in a magnetic field the ground
state is not degenerate, M = M

0(1, 0, 0), but account of the anisotropy in the xy-plane preserves the
double degeneracy of the ground state, M = M0(± 1,0,0).

The expressions for domain boundaries and magnetic solitons differ from formulae (8.59)—(8.62) by
the replacements h —~~ and ~—*2 q~.The approximate description of the dynamics of a ferromagnet in
terms of the SGE was first proposed in ref. [158]and is now widely used. However, this is often done
with neglect of the restricted validity of this description and of the difference between the Landau—
Lifshitz equations and the SGE.

8.4. Semi-classical quantization of solitons in an easy-plane ferromagnet

For the semi-classical quantization of magnetic solitons in an easy-plane ferromagnet, one can use
the general formulae (7.59)—(7.62) for the function E = E(P, N) in a biaxial ferromagnet and make in
them the transition to the limit of the easy-plane case. The anisotropy parameter for this limit is
e—* —1. In this case it is the xz-plane that becomes easy. But it should be remembered that in the limit
e—~—1 the modulus of the elliptic functions in (7.62) tends to infinity, Q = 1/V 1 + e—* cc, and it is
necessary to make a transition to elliptic functions with modulus 1 / Q, by using the relation
Q sn(u, Q) = sn(Qu, 1/Q). The final expression for the dependence of the soliton energy on the soliton
momentum and the number of bound magnons becomes
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E = E0 sin(iTP/P0)~1+ [tan(iTP12P0)/sin(N/N1)]
2,

(8.67)
E

0 = 2M~lf3la
3(l

0/a), N1 = 4s10/a, P0 = 2irsh/a.

We see that formulae (6.34) and (8.67) for the function E = E(P, N) essentially differ in the cases of
easy-axis and easy-plane ferromagnets. The soliton momentum P in an easy-axis ferromagnet was
limited, but the number of the bound magnons in a soliton could be arbitrarily large. In the easy-plane
case, both the soliton momentum and the number of bound magnons are limited. But in the limit
/31 —*0, formula (8.67) yields the same dependence for an isotropic ferromagnet as follows from (6.34)

in the limit /3—s. 0,

E = 16aM~asN~sin
2(ITP/2P

0).

There is one important thing to consider. In formula (6.34) the quantum number N for an easy-axis
ferromagnet characterized the total deviation of the magnetization from the z-axis, which was an
integral of the motion. In the easy-plane case, $ d~M~is also an integral of the motion; however, for a
magnetic soliton it is zero and cannot be its characteristic. The quantum number N in formula (8.67)
gives the average deviation of the magnetization from the x-axis.

Let us discuss some limiting cases of formula (8.67). First of all, consider the case of small values of
N, N 4 N1. If we simultaneously require smallness of the soliton momentum, P4 P0, then from (8.67)
it follows that

E I P I /l0P\
2 (8.68)

This expression, when put in dimensionless variables, coincides with the spin wave dispersion law (8.8),
if the replacements E/N = =11w and P/N= p = Ilk are made. The additional requirement of P4 P

0 is
associated with the condition that the magnetic soliton should have a small amplitude. In fig. 17 the
values N = 0 and P = 0 correspond to the parabola AA (the ratio P/N = Ilk assuming any value).

For arbitrary N and P values, their relationship with the soliton parameters to and V is specified by
relations (7.59), (7.60) and (7.22), (7.23), where the limiting transition s—f —1 is to be made. In fig. 17
the lines corresponding to the fixed values N = const. and P= const. are indicated by N and P.

Let us make the other limiting case, where N takes on the maximum value Nmax = N1 IT/
2. This limit

is characterized by the parameters to = 0 and IV Is 1, for which a magnetic soliton transforms into two
infinitely distant magnetic moment rotary waves (the interval of the velocity axis [—1, 1] in fig. 17).
From formula (8.67) it follows for this case that E = 2E

0 sin(irP/2P0), and from expression (7.60) that
the total momentum is P = (

2P
0/iT) arccos V. Thus, the energy E* and the momentum ~* of a solitary

rotary wave can be represented as

E* = E0 sin(ITP* /P) = E0VT— V
2, (8.69)

= (P
0/iT) arccos V. (8.70)

These expressions can also be obtained by directly substituting expression (8.11) for a rotary wave into
formulae (6.2) and (3.4). Unlike in a soliton, the total z-component of the magnetization in a rotary
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wave is nonzero, and substitution of solution (8.11) into expression (3.5) results in the following:

Nz=~-fcos0d~=±~N1. (8.71)

Compare the Hamiltonian function of the rotary wave (8.69) with the spin wave dispersion law
(8.68) for an easy-plane ferromagnet. The functions E*(P*) for rotary waves and s(p) for spin waves
are represented in fig. 26a by curves 2 and 1, respectively. For P* andp tending to zero, both dispersion
laws have an acoustic character and the same slope, E*(P*)Ie(p) = 1. For P ~ 0, rotary waves have a
smaller energy than a single magnon with the same momentum has. Rotary waves are an analogue of
Lieb states in a nonideal Bose gas [28, 159].

If a magnetic field parallel to the z-axis and smaller than the critical field, h~<1, is applied to an
easy-plane ferromagnet, then formulae (8.69)—(8.71) change. Since at infinity M~= M0h~,the defini-
tions of E, P and N~should be improved. The energy is to be measured from the ground state energy,
and therefore in expression (6.2) the term —(a

2/2f3) .1 H2 d~is to be added. In the formulae for P and
N, eqs. (3.4) and (3.5), the expression for the magnon density (1 — cos 0) should be replaced by
(h~— cos 0). By substituting in the resulting formulae the solution (8.31), (8.32) for rotary waves, we
arrive at the dependence of the integrals of the motion E, P and N~on the soliton velocity V (the
admissible velocity now varies in the interval IVI s V

3 = ~i — h~).We have mentioned that in the case
h~<1 there exist two types of rotary waves. For type A we have

/ 2 2 / 2 2EA = EO[V V0 — V — h~arctan(v V0 — V Ih~)], (8.72)

= ~-q[arccos(V/V3)— h~arctan(~V~— V
2/h~V)], (8.73)

N~= — ~N
1arctan(\/V~— V

2/h~). (8.74)

For the type B these dependences are

E(B) = EA + irE
0h~, ‘~(B)= + P0hz sign V, N~8)= N~+ N1 IT/

2. (8.75)

~ (a) E (b)

~ F.

2P
0 P 0 hIP., ~ P

Fig. 26. (a) The dispersion law for spin waves (curve 1) and rotary waves (curve 2) in an easy-plane ferromagnet. (b) The dispersion law for a rotary
wave of type A (curve 1) and type B (curve 2) in the presence of a magnetic field. The dispersion law for free magnons is represented by curve 3.
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The negative N~value means that in an A-type wave the projection of the vector M on the
anisotropy axis is increased. The above relations suggest that, for both types of waves,

EEoVV~_V2+2p.oHNz,

here the first term may be treated as the kinetic energy and the second one as the Zeeman energy.
Let us analyze the Hamiltonian function of rotary waves, E = E(P). Since the energies EA and E(B)

and the momenta ~A and ~(B) of the rotary waves differ by constants, it is sufficient to consider the
function EA EA(PA). The momentum of an A-type wave does not exceed ‘3max = (P

0/2)(1 — h~)and
its maximum value corresponds to an immobile rotary wave (V = 0). Zero momentum corresponds to a
rotary wave with the maximum possible velocity V3. Since in a soliton V= aEl aP and it follows from
(8.73) that aviaP <0, in the interval [0, Pmax] the function E(P) is monotonic and its derivative has a
constant sign. This function is represented by curve 1 in fig. 26b, along with the free-magnon dispersion
law (8.27) shown as curve 3. We see that the entire curve E = E(P) for a rotary wave lies below the
free-magnon energy spectrum. A rotary wave with momentum P has a smaller energy than a magnon
with the same momentum. Thus, it is an excitation similar to the Lieb states in a nonideal Bose gas with
repulsion.

A plot of the function E(B) = E(B)(P(B)) for rotary waves of type B is obtained by parallel translation
of curve 1 in fig. 26b by h~P0along the P-axis and by 7Th~Eoalong the E-axis (curve 2). Because the
point (h~P0,ITh~Eo)lies below curve 3, the whole curve 2 lies below the plot of the dispersion law of a
single magnon [159].Let us calculate e = E/P, the energy of one magnon of a B wave. It turns out that,
when P = h~P0,the energy per bound magnon is s = Ilw0h~.It is equal to the energy of a free magnon
with momentum Ilk = 2h~P0/(irN1), i.e., with the total momentum of the soliton divided by the number
of bound magnons in this state. Therefore, as the limiting velocity 1/~is attained, the interaction
between the magnons making up the B-wave completely vanishes. Recall that for V = ~ the rotary
wave transforms into an algebraic soliton, eq. (8.33). The weak localization of the excitation in such a
soliton is due to the vanishing of the interaction between the particles.

Let us proceed to the semi-classical quantization of two-parameter solitons. We shall restrict
ourselves to the case of an immobile soliton. By substituting the solution (8.41)—(8.43) into formula
(6.2), we obtain the soliton energy as a function of frequency,

E = 2E0[cr + h, arctan(h~/cr)], (8.76)

where the relation of the parameter o to the frequency to is specified by (8.42). Substitution of the
soliton solution into the formula for the field momentum (3.4) leads to the momentum value P= P0.

For semi-classical quantization, one is to calculate the adiabatic invariant of the soliton solution. It is
convenient to use the polar coordinates (~/‘,x) associated with the magnetization direction in the ground
state, n = ((1 — ~ 0, h2). In these variables the solution will assume the form (8.45). Substituting
this solution into the formula for the adiabatic invariant,

2~r

a
2 I I a~’

1= ~— j d~~j a(ax/at) dx, (8.77)

where the Lagrangian density is
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hM ax

and setting the ratio I/Il equal to an integer, we obtain for N the following:

N = N1 arctan(1/Vcr
2 — V2). (8.78)

Note that by analyzing the magnetization dynamics in the previous sections a physical parameter similar
to N~was used for the quantization of the soliton motion. In an easy-plane ferromagnet the parameter
N~is the integral of the motion associated with the number of bound magnons in the soliton. By
calculating the value of N~for the soliton solution by formula (3.4), we obtain

= N
1 arctan(h~/o-),

which differs from (8.78). Therefore, in the case under consideration, the quantum number N~does not
coincide with the number of bound magnons.

By using formulae (8.76) and (8.78), the dependence of the magnetic soliton energy on the quantum
number N is readily found [141],

E = 2E0{[sin
2 (N/N

1) — h~]~
2+ h~arcsin[h~ sin(N/N

1)]} . (8.79)

It would be interesting to compare the semi-classical spectrum of soliton energies (8.79) with the
spectrum of magnon ground states in quantum models. Unfortunately, we do not know quantum
spectra of bound states of magnons for models which are quantum analogues of the classical system
considered here. However, in the limiting cases of h~= 0 and h~= 1, the spectrum (8.79) completely
coincides with the excitation spectrum of the corresponding quantum systems [117, 160].

Let us now take up the case of high fields, h~> 1. In such magnetic fields, the ground state is again
the state with M = M0(0, 0, 1). Thus, the energy and the momentum of the soliton solution can be
calculated by formulae (6.2) and (3.4). The adiabatic invariant becomes I=IlN=11N~,where the
number of spin deviations N is specified by formula (3.5). Semi-classical quantization of magnetic
solitons for h~> 1 was carried out in refs. [141, 161]. By substituting the soliton solution (8.48), (8.49)
into formulae (6.2), (3.4) and (3.5), we arrive at the semi-classical spectrum of soliton excitations,

E = 2~0H~N+ sin(2N!N1) [cos(2N/N1)— cos(irP/P0)]. (8.80)

9. Solitons in antiferromagnets and in materials with a more complicated magnetic structure

9.1. Phenomenological description of an antiferromagnet

According to the phenomenological theory [6, 5, 162], the magnetic structure of the simplest
antiferromagnet consists of two magnetic sublattices characterized by the local magnetization densities
M1(r, t) and M2(r, t). Atoms of both sublattices are believed to be equivalent, therefore in a weak
magnetic field M~= M~= M~,where M~= const.
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It is convenient to introduce the antiferromagnetic vector L and the total magnetization vector M,

L=M1—M1, M=M1+M2. (9.1)

By definition,

M~L=0, L
2+M2=4M~. (9.2)

The ground state of a two-sublattice antiferromagnet in zero magnetic field corresponds to the
complete mutual compensation of the magnetization of the sublattices,

M
1=—M,, M=0, ILI=2M0. (9.3)

The excited states of an antiferromagnet are described approximately as those of a ferromagnet. This
description begins with the formulation of the antiferromagnetic energy as a functional of the vectors L
andM and the derivation of the dynamic equations for these vectors. The magnetic energy density of an
antiferromagnet is

W ~AM
2 — M~H+ ~a(aL/ax

5)
2+ Wa(L), (9.4)

where A is the homogeneous exchange energy constant, a the inhomogeneous exchange energy
constant, and Wa the anisotropy energy density. Normally, A — J/ji

0M0, where J is the exchange
integral and a — Aa

2. In writing (9.4), we used the condition MI 4 ILl, which is natural for an
antiferromagnet, and omitted the terms with (aM/ax,)2 in the inhomogeneous exchange energy, and
also ignored the dependence of the anisotropy energy density on M.

The energy (9.4) consists of two parts. The first two terms depend only on M and are the same for all
antiferromagnets. The rest of the energy, including the anisotropy energy, contains the vector L and its
spatial derivatives. This part of the energy density depends on the properties of the antiferromagnet,
first of all on its symmetry.

Consider a uniaxial antiferromagnet with the anisotropy axis along the z-axis and choose the
anistropy energy as

Wa = —~M~[$(Lj2M
0)

2+ ~b(L~/2M
0)

4], (9.5)

where /3 and b are the anisotropy constants (usually /3, b 4 A). It is essential to include the second term
in (9.5), both for the analysis of the ground states of an antiferromagnet [77] and for the study of
magnetic solitons [14, 164—166].

Uniaxial antiferromagnets, as ferromagnets, can be subdivided into two groups: if /3> —b/2, then in
the case of H = 0 the magnetic moments of the sublattices in the ground state are oriented along the
anisotropy axis and the antiferromagnet has easy-axis anisotropy; if /3 < —b/2, then the minimum
energy is reached when the vector L is perpendicular to the anisotropy axis and the antiferromagnet has
easy-plane anisotropy. For H = 0, in both cases, the magnetization in the ground state is zero.

The ground state of an antiferromagnet in an external magnetic field depends on the field strength
and orientation. Let us assume that the magnetic field is parallel to the anisotropy axis. Then there are
three possible easy-axis phases of the antiferromagnet:
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(1) When 0< H <H1 = M0VA(13 + b) the collinear phase ‘1~is stable, in which the vector L is
parallel to the anisotropy axis and M = 0.

(2) When H2 < H <He the spin-flop phase Ct~is stable, in which the vector L is perpendicular to the
anisotropy axis and M  0. The characteristic fields H2 and He which bound the region of existence of
the spin-flop phase are H2 = M0~/A~and He = 2AM0. The field He is called the antiferromagnetic
exchange field.

(3) Finally, when H> H~,there exists the quasi-ferromagnetic phase, in which the magnetic
moments of the sublattices are parallel and L = 0.

If b >0, then H1 > H2, and the regions of stability of the phases ct~and tI~overlap. The transition
from the phase ‘1~ to the phase cI~occurs at H = I-Ia = MOVA(/3 + b/2) as a first-order phase
transition. For H = H~the energies of the phases are equal. If b <0, then H2 > H1, and in the range
H1 <H < H2 there can exist one more phase of the antiferromagnet, the least symmetric one, which is
called the angular phase tt1L~

9.2. Dynamic equations and spin waves

The dynamics of the magnetization of an antiferromagnet is described on the basis of the
Landau—Lifshitz equations (3.2) for the magnetization of each of the sublattices [6.5, 162]. As we
change from M1 and M2 to M and L, these equations become as follows:

aM/at = —(2~0/h)(MxH~+ L x Hfl, (9.6)

aL/at = —(2/L0/11)(L x H~,+ M xH~), (9.7)

where

HZ= —~E/~M, H~= —~E/~L.

Even though the vectors M and L are related by the two relations (9.2), the dynamics of an
antiferromagnet is specified by equations for four independent functions, not two, as was the case for a
ferromagnet. This makes their analysis much more complicated. We know only a few papers which
studied solitons in antiferromagnets on the basis of the complete system of equations. These are first of
all refs. [80, 167], which considered localized rotary waves in an easy-plane antiferromagnet, and ref.
[39], studying small-amplitude solitons. Some particular soliton solutions were obtained in refs.
[168—171].

As was shown in ref. [172], in the approximation Ml ~ ILl 2M0, natural for antiferromagnets, eqs.
(9.6) and (9.7) may be reduced to a single equation for a unit vector.

Note that the constant A enters only into eq. (9.7). The term containing the corresponding part of
the effective magnetic field is evidently larger than those containing spatial derivatives of the vectorsM
and L and being of the order of aM/A

2 -~ AM(a/A)2, where A is the characteristic linear dimension of
the inhomogeneity of the magnetization field. In the long-wavelength approximation (A ~ a), all the
terms in eq. (9.7) containing magnetization gradients may be omitted. Besides, in this equation one can
omit the terms generated by the magnetic anisotropy energy, because usually /3, b 4 A. Then, eq. (9.7)
can approximately be rewritten as

(11l2p~
1)aL/at = (H — AM) x L. (9.8)
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Assume that M2 4 L2. Then eq. (9.8) may be solved for M,

11 aL 1
M= —xL+ Lx(HxL). (9.9)

8p~
0AM0 0

With the same accuracy, the spatial derivatives of the vectorM in eq. (9.6) may be omitted; then we
have

—-~---- ~ = ~aL X~L+MXH—Lx (9.10)~ at aL
Substituting (9.9) into (9.10), we arrive at a single equation for the antiferromagnetic vector. It is

convenient to introduce the unit vector

l=L/2M0. (9.11)

Then, the desired equation becomes

i x [c~ ~ — -~-~ 1—A(~) ~ — ~ (1 H) i— (~)2 H)l x H= 0, (9.12)

where c is the characteristic velocity,

c = (2~s0M0/Il)\/A~. (9.13)

Note that scalar multiplication of eq. (9.12) by 1 results in the following:

l•al/at= ~(aIat)l
2=0.

Therefore, the assumption of 12 = 1 is self-consistent. Thus, eq. (9.12) is an anisotropic version of the
equation of motion of a unit vector field [36, 3], which is widely discussed in modern nonlinear field
theory.

It is natural from the point of view of macroscopic symmetry to describe an antiferromagnet in terms
of the unit vector of antiferromagnetism 1 [173]. Reference [174]obtained eq. (9.12) without using the
sublattice model, based on an analysis of the dynamic symmetry of an antiferromagnet.

Below, it will be more convenient to use the formulation of eq. (9.12) in the angular variables of the
unit vector 1,

l~=sin0cosq’, l~=sin0sin~, l~=cos0. (9.14)

Let the magnetic field be directed along the anisotropy axis. Then, the dynamic equations for an

antiferromagnet in angular variables are as follows:
a20/at2 — c2 z~0— [(wH — ap/at)2 — c2(V~o)2]sin 0 cos 0 + A(2~.t

0/11)
2aW~/ao= 0,

(9.15)
(ô/ôt)[sin20 (ap/at — wH)] — c2 div[sin2O Vp] + A(2~s

0/h)
2aWa/a~= 0,

where WH = 2~s
0H/Ii.
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Equations (9.12) and (9.15) have an interesting property: when H=0, the spatial and temporal
derivatives appear only in Lorentz-invariant combinations. The characteristic velocity c entering the
Lorentz transform is specified by formula (9.13). Formal Lorentz invariance essentially simplifies
analysis of soliton motion in antiferromagnets.

Equations (9.15) can be obtained as Euler—Lagrange equations from the following form of the
Lagrangian density:

= ~aM~{c2[(a0/at)2+ sin20 (ap/at — wH)2] — [(VU)2+ sin20 (Vcp)2]} — Wa(0, ~) . (9.16)

From (9.16) follows the expression for the antiferromagnetic energy density, which could be obtained
directly from expression (9.4) by substituting relation (9.9) in it,

W= (a/2c2)M~{c2(VU)2 + (aU/at)2 + sin20 [c2(Vtp)2+ (acpl9t)2 — w~,]}+ Wa(0, ~). (9.17)

If we assume that

W~=—~/3M~cos20, (9.18)

then expression (9.17) coincides with the energy density in the model obtained in ref. [175], if in the
2latter ED nsO.

Let us now come back to eqs. (9.15) for a uniaxial antiferromagnet, when Wa = Wa(0), i.e., the
anisotropy energy does not depend on the angular variable ~. The finite-amplitude spin waves are as
follows:

0= 0
0=const. , ~ = ~t— kx. (9.19)

The dependence of the frequency of the nonlinear wave, ~, on its wave vector k and amplitude 0~is

specified by the formula
— 2 2 2 (2~~\2 A awa
(w—wH) =ck ~ sin00cos00 ~ . (9.20)

If we take the anisotropy energy in the simplest form (9.18), then we find that

— 2 2 22(to — wH) = too + c k , (9.21)

= A/3(2~0M0/11)
2. (9.22)

The frequency of a nonlinear wave of an arbitrary amplitude turns out to be independent of the
amplitude. This is a fairly unusual situation for nonlinear systems, which means that the model of an
antiferromagnet with the anisotropy energy (9.18) contains a certain type of degeneracy. This
degeneracy is also proper to solitons in antiferromagnets [165, 166]. Recall that in any, even isotropic
ferromagnet, the frequency of a nonlinear wave depends on its amplitude [see (3.13)].

If we choose the anisotropy energy to have the form (9.5), then we obtain the following expression
for the dispersion law (9.21):
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(~— w~)2= w~sin2O
0 + w~cos

2O
0 + c

2k2, (9.23)

= (2p.
0/11)

2H~= (2M
0M0/Il)

2A(/3 + b). (9.24)

The dispersion law of linear waves is obtained from (9.23) in the limit 00 = 0,

— = ±(w~+ c2k2)~2, (9.25)

and differs from (9.21) only by the size of the gap.
Thus, there are two branches of linear spin waves. The plot for to’ — ~ is shown in fig. 27. We

see that the minimum frequency of the linear spin wave spectrum is equal to to
1. When b >0, w~>w~

and the frequency of a nonlinear spin wave is lower than that of a linear spin wave with the same wave
vector. According to the Lighthill criterion [118],for b >0 periodic nonlinear waves with the dispersion
law (9.23) are unstable relative to modulation, i.e., relative to formation of localized solitons [165].For
b <0, we have w~< w~and the frequency of a nonlinear spin wave is higher than that of a linear spin
wave with the same wave vector. By the Lighthill criterion, these are stable periodic waves.

If we write the energy of an elementary excitation (magnon) in the standard form r = Ill I and take
into account that in the collinear phase, 2~s0H<11w1, then we find that

= IlVw~+ c
2k2 ±2,a

0H. (9.26)

For H = 0, relation (9.26) assumes a form characteristic for particles in a Lorentz-invariant theory,

s=Ve~+c
2p2, e

011w1 , p=Ilk. (9.27)

Fig. 27. The dispersion law of spin waves in an antiferromagnet.
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It follows from (9.27) that the quantity c is the minimum phase velocity of magnons when H = 0. As
in the case of a ferromagnet, the dispersion law (9.26) or (9.27) is valid in a fairly wide range of wave
numbers k (or momentum p). The reason is that the parameter with the dimension of length,

1~= c/to1 -~ a\fA7~ ~ a, (9.28)

arising in our model is apparently larger than the interatomic separation. Therefore, the long-
wavelength approximation (ak 4 1) remains applicable even for ck ~ to1. Note that the condition ak 4 1
may be rewritten as to 4 toe =

2/h
0He/Il, where He is the above introduced exchange field.

The two branches of the dispersion law (9.26) correspond to different signs of the precession
frequency of the vector 1 in a spin wave. In the absence of a magnetic field (H = 0), the sign of the
precession frequency to is of no importance, and the dispersion laws of both spin wave types are the
same. The presence of a magnetic field makes the dispersion laws (9.26) associated with the two
precession directions different.

9.3. Precession solitons in the collinear phase

In the collinear phase of a uniaxial antiferromagnet, equilibrium corresponds to 0 = IT or 0 = 0, for
an uncertain ~ value. Consider one-dimensional solitary waves (solitons) for which the antiferromagnet
is in equilibrium at infinity. These solutions of eqs. (9.15) satisfy the following boundary conditions at
infinity: 0 = ir or 0 = 0, and the gradient of ~ is bounded.

In the rotating frame of reference associated with spin precession in a uniform magnetic field,

cD—~’+toHt. (9.29)

We write one-dimensional equations for the functions 0 and ~, taking into account expression (9.5) for
the anisotropy energy,

~~~_~_c2 ~ (9.30)

~- (sin~o~) = ~ (sin~o~) . (9.31)

We see that the spatial and temporal derivatives appear in eqs. (9.30) and (9.31) only in
Lorentz-invariant combinations, and the characteristic velocity in the Lorentz transformation is equal to
c and coincides with the minimum velocity of spin waves for H = 0. Therefore, assuming the angular
variables 0 and ~ to be scalar, we can relate, by Lorentz transformations, two soliton solutions differing
only by the velocities of the translational motion of their centres of mass. E.g., starting from solutions
of the type

0=0~(~), ~=12t, (9.32)

we can state that there exist also the solutions

0 = 0~[(~ — Vt) /\I 1 — (V/c)
2] , = 12(t — V~/c2)/\/ 1 — (V/c)2 . (9.33)
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We rewrite the expression for ~, introducing the precesssion frequency in a moving frame of reference
to = fl[1 — (V/c)2]112,

~=wt—k(~—Vt), k=wV/(c2—V2). (9.34)

Coming back to the solution (9.32), we see that the function 0~(~)is specified by the equation

c2 + (122 — w~)sin 00 cos 00+ (w~— w~)sin3O
0 cos 00=0. (9.35)

Equation (9.35) has localized solutions when 11 < to1. Their explicit form was obtained in refs. [163,
172]. It essentially depends on the sign of w~— w~,i.e. the sign of the anisotropy constant b.

When b >0 and to0 < to1, eq. (9.35) has two types of soliton solutions. If the frequency lilies in the
range w~<11<w1,where

2 1 2 2 9.36

then the localized solution has the form

tan 00 = \/(w~— 112)/(122 — to~) sech(K~), (9.37)

K = (w1/c)V1 — (12/to1)
2. (9.38)

Since 0 = 0 for ~ = ±cc, the solution (9.37) may be called a localized soliton in an antiferromagnet. A
localized soliton is similar to an immobile soliton, eq. (6.21), with a positive precession frequency in a
ferromagnet.

If to
1 — 12 4 to1 — to~ expression (9.37) transforms into a small-amplitude soliton,

= 0(0) sech(K~). (9.39)

If 11 —+ w~in the soliton a plateau forms with 0 ir/2, separated from the rest of the antiferromagnet by
two domain boundaries of the type

tan 00 = exp[±K(~— ~ (9.40)

This solution has a physical meaning only for to’ = 0 and H = H~,i.e., at the first-order phase transition
from the collinear phase cF~to the spin-flop phase cI~.It describes the interphase wall.

Making the transformations (9.33) and (9.34) and introducing the precession frequency in a moving
frame of reference to, we obtain the magnetization distribution in a moving soliton. Relation (9.37)
alters in an evident way, and the conditions of existence of a localized soliton ensure that expressions
(9.37) and (9.38) are real,

(V/c)
2 + (w/w~)2> 1, (V/c)2 + (to/to

1)
2 < 1 . (9.41)

Thus, the region of existence of localized solitons lies between the two ellipses in fig. 28. Ellipse I is
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(z)

Fig. 28. Regions of existence of magnetic solitons in an antiferromagnet.

characterized by an equation which coincides with the dispersion law of linear spin waves written in a
moving frame of reference. Indeed, it follows from (9.25) that

= w’ — kV= ~ — toH — k ad/ak = ±to~\/1— (V/c)2.

Ellipse II is characteristic of nonlinear solutions and cannot be defined in terms of the dispersion law of
elementary excitations of an antiferromagnet.

Let us analyze the character of our solution depending on two parameters V and to. This solution
describes a nonlinear wave moving with velocity V and, in the frame of reference moving with the
wave, the vector 1 executes circular precession about the z-axis with frequency to and amplitude sin 0.
As can be seen, the deviation of the magnetization M from its equilibrium value M = 0 is localized in
the soliton and rapidly (exponentially) decreases with the distance from its centre. We calculate the
magnetization by formula (9.9), using (9.36) and formula (9.33),

11w sin20
= — 2~

0A1 — (V/c)
2’

(9.42)
M~+ iM~= 2~s

0A(iV ~ + 1— (V/c)
2 0 cos e’~,

where the dependences of 0 and d0/d~on space and time are given by the relations

r~2 2 2 2_________________ (dO\ .2(2 ito
0 ~1 .2sin 0 = — 12~cosh

2[K
1(~— Vt)] ~d~) = sln O~1 + ~ c

2 — V2 ~ 0 (9.43)

where

K~= c12
1/(c

2 — V2), (9.44)

= w~[1— (w/w~)2— (V/c)2] , 12C~= w~[1 — (to/w~)2— (V/c)2] . (9.45)
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It follows from (9.41) that in this case 11~>0.
When the frequency lilies in the range 0< 12 < w~,there is a different localized solution of eq.

(9.35), namely,

tan 00 = ~(to~— 112) /(2 — 112) cosech(K~), (9.46)

where K is specified by formula (9.38).
The solitary solution (9.46) looks similar to an immobile soliton for negative frequencies, eq. (6.22),

in a uniaxial ferromagnet. However, in this case it describes a 180°domain wall.
Taking up the case of a moving soliton, we can use expressions (9.42), in which

sin20= fl~+12~sinh2K
1(~—Vt) (9.47)

The region of existence of such solitons is defined by the condition 11 ~>0, or

(V/c)
2 + (to/to~)2< 1. (9.48)

This region is enclosed by ellipse II in fig. 28.
From (9.42) and (9.46), it follows that the magnetization M vanishes for 4~—s.± cc.The behaviour of

the vector I is different: Away from the soliton, I tends to unequal limiting values, namely i—s. e~as
cc and i—s. —e~as f—s —ccV However, the sign of the vector 1 has no physical meaning. The energy

density of an antiferromagnet, even when H  0, contains only even powers of 1. Thus, I and —1
describe the same local physical state of an antiferromagnet. The behaviour of the vector 1 in such a
soliton is similar to that of the magnetization in a 180°domain boundary of a ferromagnet, and the
soliton can be considered as a generalization of a 180°domain wall in a ferromagnet.

Consider now other possible values of the anisotropy constant b. When b = 0 and to,~= to
1 = to0, the

solution (9.46) transforms into

tan(0/2) = exp(±K~), (9.49)

and the region of existence of the solution (9.37) vanishes. This is natural, since when to1 = to~the
ellipses coincide, and there are no localized solitons (9.37).

When b <0 and to0> to1, ellipse II is outside ellipse I, and only 180°domain walls exist in an
antiferromagnet. Their region of existence is enclosed by ellipse I. If V= 0, then the domain wall is
given by expression (9.46), where to1 <toe. In the limit 11—s. to1, a domain wall becomes an algebraic
soliton [172],

tan
20 = 2c2 2 (9.50)

too—to
1 ~

Now we shall briefly discuss the validity of the long-wavelength approximation. The condition
ait1 4 1 is obviously not satisfied for velocities very close to the limiting velocity c, namely for
c — V ~ c(ato0/c)

2. But since ato
0 4 c, the long-wavelength approximation is invalid only for the limiting

velocities of a moving low-frequency soliton. So a fast soliton cannot be described without microscopic
consideration [176].
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Particular attention is to be paid to solutions of the type of stationary-profile waves in an external
magnetic field. In these solutions, to’ = 0, and therefore, to = — toH = —2~0H/11.The motion of such a
domain wall with a low velocity was already considered [177]. The structure of a domain wall moving
with an arbitrary velocity V is given by the above obtained formulae, where we should substitute
to = —2~0H/11.A detailed analysis of domain walls in antiferromagnets in the presence of a magnetic
field was made in ref. [77]; thus, we shall only provide some simple illustrations for the case of b = 0.

The magnetization distribution in a domain wall is given by formulae (9.46)—(9.48), in which
to = —2p.0H/Il; therefore, the domain wall width 1~.,is

— (w0~
2 [1—(V/c)2]2 951

H - ~C) 1- (V/c)2 - (H/H
1)

2~ (. )

The domain wall velocity cannot exceed a certain limiting value, V,~< c. When H = 0, the limiting
value coincides with the minimum phase velocity of spin waves, c (this result was obtained in ref. [176]
in a different way). If H ~ 0, V~is the same as the minimum phase velocity of lower-branch magnons
and V,~= c[1 — (H/H

1)
2]”2. As H—s. H

1, we have V~—s.0.In the limit of stability of the collinear phase
(H = H1) the domain wall stops and is completely delocalized (ill—s. cc).

The energy of a unit area of a moving domain wall is given by the formula

1-(H/H)
2

E(V) =2M~\f~~i — (H/H
1)

2 — (V/c)2 (9.52)

For very low wall velocities (V 4 V~),we have

E(V) = E~+ m~V2/2, E~= 2M~~a/3(1— H2/H~),

where E~is the energy of a domain wall at rest and m~its effective mass,

m~= Il2/3M
0/2~0~Aa(H~— H

2).

These formulae suggest that E~decreases and m~increases as the external field increases. The
dynamics of domain boundaries in two-sublattice magnetic materials was also studied in some articles
[178—180]and a review [77].

9.4. Rotary waves in an antiferromagnet

Let us now deal with a description of solitary magnetization waves in the so-called spin-flop phase of
an antiferromagnet (for H> H

2). The equilibrium state of this phase corresponds to the orientation of
the vector M along the z-axis (along the magnetic field) and that of the vector 1 perpendicular to this
axis (0 = ir/2). The angle ~ is not fixed in equilibrium ~ = ~, where ~ is an arbitrary constant), as
follows from the assumption of uniaxial magnetic anisotropy.

The character of the degeneracy of the ground state of the antiferromagnetic spin-flop phase is
similar to that of a ferromagnet with easy magnetization plane anisotropy. Analysis shows that the
soliton types in these systems are similar. In particular, in the antiferromagnetic spin-flop phase there
may exist rotary waves of the vector I. Let us first consider these nonlinear waves, restricting ourselves
to the case b = 0.
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We discuss the boundary conditions responsible for localized solutions. The situation is here
generally the same as in the case of an easy-plane ferromagnet. So,

0=iT/2 as~=±cc. (9.53)

The boundary conditions for the angular variable ~ are chosen so that a local excitation should have a
finite energy and the vector M should have its equilibrium value at infinity. Since the nonequilibrium
exchange energy density of an antiferromagnet contains a term proportional to sin20 (Vtp)2 for

±cc) ~ 0 the condition of finiteness of the energy leads to the following boundary condition for ~:

as ~—s.~cc~ (9.54)

Using formula (9.9) for the magnetization, we see that the vectorM coincides with its equilibrium value
at infinity only when the following condition is fulfilled:

a~/at—s.0 as i—s. ~ (9.55)

It follows from (9.54) and (9.55) that in the expression for the desired function ~, one should set

w’=0, i.e.,
= i~(~ — Vt).

Integrating (9.31), using the boundary conditions (9.53) and (9.54), we readily obtain for the
function i/i

di~ VwH 2

d~c2_V2c0t~1O. (9.56)

Taking this expression into account, the equation for the angle 0 becomes as follows:

(c2_V2)~j~+(
1~~/)2 _to~)5uu10c050 c~~_tovH2~~00 . (9.57)

The solution of eq. (9.57) with the boundary equation (9.53) may be represented as

cos
cos0= coshK2(~—Vt), (9.58)

22 2 2 2 2
2 (1 — V Ic )(wH — to0) 2 WH — to0cos ~= to~—to~(1—V

2/c2) K2 c2—V2 (9.59)

Using formula (9.56), we see that the angle ~ is different for ~ —s. + cc and ~ —s. — cc~Thus, magnetization
solitary waves in the antiferromagnetic spin-flop phase represent rotary waves of the vector 1: after a
wave has passed, the vector 1 returns into the plane perpendicular to the anisotropy axis; however, the
value of the angle between the direction of 1 for i—s. cc and ~—s. —cc depends on the wave velocity,
namely
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~(+cc) — ~(_cc) = —IT + 2~. (9.60)

These rotary waves exist when V < c and H> H2 [164]
Let us consider the behaviour of a solitary rotary wave as it approaches the boundary of its region of

existence. As V—s. c, the wave amplitude tends to zero; however, so does its localization region i/K2,
i.e., as V—s. c, the characteristic size of the inhomogeneous magnetization region is comparable with the
lattice constant a, and, as has been mentioned, for V—s. c a nonlinear wave is to be described using
microscopic considerations.

The behaviour of a rotary wave when H—s. H2 depends on the sign of the anisotropy b (see refs. [164,
163]). We shall not consider this point, because it was discussed in detail in a review [77].

Such rotary waves can also exist in an antiferromagnet with easy-plane anisotropy. For such an
antiferromagnet, /3 <0, and even when H = 0, the equilibrium direction of the vector 1 is perpendicular
to the anisotropy axis chosen. The ground state for H < He is specified by the formula

0ir/2, M=2M0H/He=H/A.

For this reason, the boundary conditions for 0 and ~ should be chosen in the form of (9.53)—(9.55) for
the spin-flop phase of an easy-axis antiferromagnet.

It is easy to show that the solution describing rotary waves in an easy-plane antiferromagnet is given
by formulae (9.56)—(9.60), if to~is replaced by —AII3I(2,a0M0/11)2. In this case, a rotary wave exists for
all V < c and H < He; however, the width of the wave is macroscopic only when

H4He, (c—V)>>c(/3/A).

Rotary waves in an antiferromagnet with easy-plane anisotropy were first considered in refs. [80, 44].

9.5. Solitons in ferrites

An important class of multisublattice magnetic materials are ferrimagnetic materials or ferrites. In
the simplest case, a ferrite, as an antiferromagnet, contains two magnetic sublattices and is described by
two magnetization vectors, M1 and M2. In a ferrite, however, the sublattices are not equivalent, in
particular 1M1I  M2I. Therefore, in the ground state the magnetization of a ferrite M = M1 + M2 is
always nonzero.
The magnetic properties of ferrites are similar to those of ferromagnets, and it is not infrequently

that ferrites and ferromagnets are thought to be the same. However, for many materials, M1 —M2,
and the properties of a ferrite make it similar to an antiferromagnet. It behaves as a weak ferromagnet.

The dynamics of a two-sublattice ferrite may be described by an effective equation for a unit vector 1,
whose definition is somewhat different from that of (9.11), namely

1=(M1 —M2)/1M1 —M21 . (9.61)

The magnetization of a ferrite in the absence of a magnetic field (H = 0) is expressed in terms of the

vector 1 and its time derivative [181]as follows:

M=27)Mol+2’
1A at)<t!~
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where A is the homogeneous exchange constant, and

~=IM1—M2I/2M0, 2M0=~M~+M~.

In ref. [181], an equation was obtained which specified the dynamics of the vector 1 in an isotropic
two-sublattice ferrite. With account of anisotropy, this equation is written as

a! = 2p.0M0 iX(- ~ —a~1!+~ (9.62)

where Wa is the anisotropy energy, a the inhomogeneous exchange constant, and c
2 = 4aA(1L

0M0)
2/112.

Equation (9.62) is a generalization of the Landau—Lifshitz equations that are usually used in the
theory of magnetism. When ~ = 0, i.e. M

1 = M2, this equation also transforms into eq. (9.12) for a
two-sublattice antiferromagnet for H=0. If we set A—s.cc, i.e. c

2—s.cc, then it coincides with the
Landau—Lifshitz equation for a ferromagnet with magnetization M = 2~M

0l,M
2 = const.

Equation (9.62) is of considerable mathematical interest. In the case of an isotropic ferrite, where
Wa = 0, a one-dimensional equation similar to (9.62) is completely integrable [181, 182]. In ref. [182],
N-soliton solutions are constructed for an isotropic ferrite.

Equation (9.62), as applied to a uniaxial ferrite, was studied in refs. [183, 184]. If we introduce the
angular variables 0 and ~ for the unit vector 1 and take the simplest form of the anisotropy energy
Wa = —f3l~/2,then the dynamics of a ferrite will be specified by the system of equations

2 2ap /1 a 0 \ 2 ~ fa~p\1—sin0-~--=a~—~~_~_L~0)+asin0cos0L(Vp) ——~-~-) ]+/3sin0cos0, (9.63)

-~- sin 0 = aV(sin20 Vç) — - ~ (sin~ü~), (9.64)

where tow, = 2~
0M0/11. Equations (9.63) and (9.64) have one-dimensional localized two-parameter

solutions similar to those for a ferromagnet, 0 = 0( ~ — Vt), ~ = tot + i/i( ~ — Vt). The form of the
function ip( 4~)for a soliton in a ferrite follows from the formula

dip Vw ‘qVc
2 1

— — c2 — V2 — 2ato~(c2— V2) cos2(0/2)’ (9.65)

i.e., i/i contains terms of “antiferromagnetic” and “ferromagnetic” types [cf. eq. (9.65) with eqs. (9.34)
and (6.24)]. Since (9.65) contains a term with i/cos2(0/2), a moving nonlinear solution in a uniaxial
ferrite, as in a uniaxial ferromagnet, describes a localized soliton. We shall present the results, without
analyzing the structure of the soliton (see ref. [183]).

The region of admissible values of the soliton parameters is enclosed by the ellipse

(to + ~c2/2ato~)2 V2
(966)

/3c2/a + (-qc2/2aw~)2 c2

For any value ~  0, this ellipse on the (V, to) plane is displaced downwards with respect to the origin
of coordinates (see fig. 29). As is suggested by analysis, the behaviour of the soliton near the boundary
of the region of existence (9.66) essentially depends on the sign of the quantity (to + ~c2/2ato~).
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(1)

- -- V

Fig. 29. Regions of existence of magnetic solitons in a ferrimagnet.

Let to> —~c2/2ato~,which corresponds to the upper half of the ellipse in fig. 29. When approaching
the boundary of the region of existence, the soliton amplitude tends to zero and the soliton localization
region to infinity, i.e., the soliton completely vanishes. This behaviour is the same as in the above
considered case of an easy-axis ferromagnet [see formula (6.12)].

If to < —-qc2/2ato~,when the soliton parameters are in the lower half of the ellipse, then the soliton
behaves in quite a different way. When approaching the boundary of the region of existence, the soliton
amplitude remains finite, and on the boundary itself the soliton becomes algebraic.

In the limit A—s. cc or c2 .—s. cc, the soliton solution transforms into the corresponding solution for a
uniaxial ferromagnet. The boundary of the region of existence of soliton solutions [ellipse (9.66)] then
transforms in the following way. As c2 —s. cc, the ellipse centre infinitely moves downwards from the
origin. The upper part of the ellipse transforms into the parabola

2 2toto
0—V/4aw~, w0f3to~/ij.

In this case, the lower half of the ellipse goes to infinity and there are no algebraic solitons. The soliton
is the same as for an easy-axis ferromagnet [cf. (6.17)], the only difference being in the definition of the
boundary frequency to0.

In the other limiting case, q—~0, the ellipse centre in fig. 29 coincides with the point V 0, to = 0.
This limit corresponds to the case of an antiferromagnet, and the properties of solitons are the same as
in an antiferromagnet for b = 0.

9.6. More complicated models of magnetic materials

At present, there are papers discussing magnetic solitons in materials with more complicated
magnetic structures.
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References [175, 177, 185—187] describe localized solitons and domain walls in weak ferromagnets,
i.e. antiferromagnets with the Dzyaloshinski interaction [162].

Methods have been developed to describe magnetic solitons in multisublattice magnetic materials
with noncollinear arrangement of sublattices and in amorphous magnetic materials, such as spin glasses.
The simplest and adequate macroscopic description of such systems is made in terms of equations for
the elements of the rotation group 0(3) with suitable parametrization. This is the subject of a number
of papers [188, 174, 189—191].

10. Two- and three-dimensional solitons

One-dimensional (1D) solitons, whose magnetization depends on one space variable only, have been
considered in the preceding sections. Such solitons are important for describing one-dimensional (or
quasi-one-dimensional) magnets. For real three-dimensional crystals the solitons have to represent the
localization of the magnetization in three directions. In this case the 1D solutions may also be
important, as the ones that determine the plane nonlinear waves of magnetization, e.g., the well-known
domain walls (DW), see the monographs [15, 82] and the reviews [77, 192]. The properties of the
one-dimensional solution may, however, be altered when three-dimensional perturbations are taken
into account, i.e., the property of exact integrability seems to be lost and solitons with a localized single
variable may be unstable with respect to three-dimensional perturbations. So, for describing nonlinear
magnetization waves in three-dimensional magnets an additional analysis is needed, first, to analyze the
stability of 1D solutions of the three-dimensional plane solitons and, secondly, to search for and
investigate specific non-one-dimensional solitons [three-dimensional (3D) and two-dimensional (2D)
ones]. The latter may be useful for describing quasi-one-dimensional magnetic or thin magnetic films or
to solve a situation of cylindrical symmetry in 3D magnetics.

10.1. Two- and three-dimensional dynamical solitons in uniaxial ferromagnets

We shall consider an immobile (V= 0) dynamical soliton in a uniaxial ferromagnet. The centrally
symmetric solution of the equations

= tot, 0 = 0(r), r = rI , (10.1)

is the 3D analog of the simplest dynamical soliton (see section 6.1). The equation for 0(r) is directly
obtained from eq. (6.3),

l2~(~- + ~ — sin 0 cos 0 + -~- sin 0 = 0. (10.2)
dr rdr to

0

We shall seek a solution of this equation vanishing at infinity [0(cc) = 0] after imposing the obvious
boundary condition at the origin

dO/drO forr=0. (10.3)

The question of existence of self-localized solutions of this equation is qualitatively analyzed by using
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the phase plane method. How this method can be used to investigate the existence of three-dimensional
dynamical localized states of a nonlinear field was shown by Anderson [193]. Its use in three-
dimensional magnetic soliton theory is explained in detail in ref. [10]. The analysis showed that eq.
(10.2) with the boundary conditions (10.3) has a large number of localized solutions. One of them,
whose properties will be discussed below, is represented by a monotonically vanishing function 0(r).
This solution describes so-called “nodeless solitons”. The rest of the solutions have a finite number n of
nodes of the function 0(r) and the same number of nodes of its derivative for r  0. These solutions
describe node solitons; the number n is called the node number of the soliton.

Let us analyze the solutions describing the nodeless soliton. The asymptotic behaviour of the
function 0(r) at large distances is easily obtained by linearizing eq. (10.2) for 0 4 1. It is easy to
convince ourselves that for these solutions for r—s. cc

0(r) = const. exp[_f (i — w)_h’
2] . (10.4)

Localized dynamic states are thus possible for to < to
0 only. Multiplying eq. (10.2) by r

3 dO/dr and
integrating from zero to infinity allowing for (10.3), we obtain

~ Jsin2or2~r=~~-I(1_cos0)r2dr, (10.5)

from which the inequality to > 0 follows. Thus, localized dynamic states are only possible for

0<w<w
0. (10.6)

The behaviour of the function 0(r) is determined by the magnitude of to. For to 4 to0 the magnitude
of 0(0) appears to lie in a narrow interval iX0 4 1 near 0 = IT [10]. There the interval of variation of r is
sufficiently large, where 0(r) does not differ from IT in practice. For r ~- l~the term with the first
derivative and the last term in eq. (10.2) may be omitted, and eq. (10.2) amounts to a one-dimensional
equation like eq. (6.4),

l~d
20/dr2 = sin 0 cos 9. (10.7)

One solution of eq. (10.7) has been written out already (eq. 6.6). It is given in the form

cos 0(r) = tanh[(r — R)/1
0], R = const. , (10.8)

and one describes magnetization distribution near a planar domain wall in a uniaxial ferromagnet.
Thus, for to 4 to0 the localized solution describes the following state of a magnet. Over a macroscopic

region of radius R ~ 10 the magnetization is parallel to an easy axis but the vectorM is in the opposite
direction (0 IT). This region is surrounded by a spherical domain wall with radius R and thickness 10.
The magnetization precesses with frequency to and angle 0 depending on the r coordinate. Figure 30
shows a plot of 0 as a function of r, obtained by numerical integration for to = 0.1w0 [10].

The total energy of such a state coincides with the energy of the spherical domain wall,

E = 4ITR
2e

8 = 8irR
2M~(af3)112, (10.9)
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e(~)

0 10 20
Fig. 30. The magnetization distribution in three-dimensional solitons for different values of w: (a) w = 0.1w0, (b) w = 0.5w0, (c) w = 0.915w0, (d)
w =0.99w0.

where CB is the magnetic energy per unit area for the Bloch wall [CB= 2M~(af3)
112= 211to

0l0s/a
3). The

number of spin deviations in such a state is mainly determined by the interior of the spherical domain,

N = (M
0/~.t0)~~irR

3. (10.10)

As follows from eqs. (10.9) and (10.10),

E = 311to
0N(2N3/3N)

113,

where the parameter N
3 = 4ITs(l0/a)

3 is introduced, which is equal to the maximal number of spin
deviations in a volume l~.The energy per bound magnon and the frequency of precession are

E (2N
3~’

3 1 dE
= 3hto

0~-~J , to = ~ ~ =
2w~-~-~j. (10.11)

The condition to 4 to
0 corresponds to the requirement that N ~ N3 therefore E 411 to0N.

In another limiting case, to0 — to 4 to0, when the frequency to is close to the boundary of the
continuous magnon spectrum, we can expect a delocalization of the soliton state, for which 04 1. If the
angle 0 is small, we can easily obtain the equation

l~i~0—(1—w/w0)0+~

This equation is of the same type as the three-dimensional nonlinear Schrödinger equation. We can
easily see that its solution may be presented in a scale-invariant form,

0(r) = \/~(1— to/w0)~
2f[(r/l

0)(1 — to/to0)
112], (10.12)

where f(x) satisfies the equation

~-4+~~_f~f3=~~
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The localized solution of this equation is well known; it corresponds to a function f with amplitude
f(0) 4.34, which vanishes monotonically, and a localization region t~x~-=1.

Equation (10.12) confirms the assumption that for to0 — to 4 to0 the soliton amplitude is small,
0(0)=V~(i— to/to0)”

2f(0), and the soliton has a localization region iXr—l
0/(i — to/to0)

1’2, i.e., it is
very much “smeared-out” in space. Using eq. (10.12) it may be shown [10] that for to

0 — to 4 to0,

to = toji — A(N3/N)
2], E = hto

0N + hto0A(N3/N), (10.13)

where A is a positive constant.
Thus, there are two types of states corresponding to N ~‘ N3. (1) “Hard” states (to 4 to0) are magnon

drops whose core has a large radius (R 2w0l0/to ~‘ 1~)and whose magnetization is reversed (0 IT).
The “hard” solitons remind us of a spherical magnetic domain. (2) The “smeared-out” states
(to0 — to 4 to0) have no sharp boundaries and the magnetization slightly deviates from its equilibrium
value.

To ascertain the behaviour of solitons with arbitrary to and to analyze the functions E = E(N) and
to = to(N) a numerical integration of eq. (10.2) has been performed [10]. The dependence of the
frequency to and the soliton energy E on the number of bound magnons is shown in figs. 31 and 32 (it
should be borne in mind that the soliton energy, plotted in fig. 32, corresponds to a single magnon).
The plot of the function to = w(N) has a vertical tangent at N = N~= 9.08N3. An analysis of the
stability of solitons (the results of which will be discussed below in section 10.3) shows that dynamical
solitons as in eq. (10.1) are only stable if dw/dN <0 [10]. Therefore, the states of the upper branches
in figs. 31 and 32 are unstable, those of the lower ones are mechanically stable. But for N < N0 = li.2N3
the energy per magnon in a bound state is higher than the minimum energy of a free magnon 11to0.
Therefore, the lower-branch solitons with N~< N < N0 are metastable and can, in principle, decompose
into free magnons. The emission processes of the n free magnons by a soliton are only resolved if
E(N)  E(N + n) + hw0n. If n 4 N is small, then E(N) — E(N — n) = n dE/dN = !lw0n, and the condi-
tion of a small number of emitting magnons (to> to0) is not satisfied. Therefore, a metastable
lower-branch soliton with N < N0 may decompose in a single emission process of a large number n
(large compared with N) of free magnons. The probability of these processes is exponentially low
[being proportional to exp(—n)].

Cl)

__:‘~

0 Af~/N~ 100 200 300 N/N3
Fig. 31. The dependence of the frequency w on the number of bound magnons in a three-dimensional soliton in a ferromagnet.
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Fig. 32. The dependence of the energy E on the number of bound magnons in a three-dimensional soliton in a ferromagnet.

It is worth noting that the same situation with both stable and metastable three-dimensional solitons
occurs also in other models in nonlinear field theory (see Makhankov’s review [53]).

Let us consider the two-dimensional analog of solitons of the type of eq. (10.1) (the properties of
two-dimensional magnetic solitons will be discussed in more detail below). One soliton solution
corresponds to

0=0(p), p=wt, p=(x
2+y2)”2, (10.14)

with the obvious boundary conditions (0—s. 0 for p—s. cc, dO/dp =0 for p—s. 0). This solution may be
used to describe either dynamic solitons in a two-dimensional (2D) magnet or extended (linear) solitons
with cylindrical symmetry in three dimensions. The equation for the function 0(p) is of the form

2/d
20 ldO\ . to.

l~l—+— —J—sln0cos0+—sln0=0,\dp2 p dpI to
0

where the typical parameters 1~and to0 are the same as above. This equation is analyzed exactly as in the
investigation of eq. (10.2) above. For to 4 to0, in particular, the soliton has a “hard” state as before, eq.
(10.8), but for to0 — to 4 to0 it has a “smeared-out” state. An essential difference between 2D and 3D
solitons occurs during the analysis of the dependence of the energy and frequency of soliton precession
on the number of bound magnons in the soliton, N. These dependences have been investigated in ref.
[194]using numerical methods (fig. 33).

As calculations showed, with increasing N the frequency vanishes monotonically for a 2D soliton.
The limiting case of low frequency, to < to0, is represented by the dependences

w(N) = w0(N2/N)
1’2 , E = 211w

0(NN2)”
2 , (10.15)

where N
2 = 2ITs(l0/a)

2 is the typical magnitude of the 2D magnons.
In another limiting case, to—s. to

0, the number of magnons N approaches a final value NK 3.6N2. To
show the separability of the 2D case we describe the dependences near the spectrum boundary of linear
magnons (for to—s. to0),



216 AM. Kosevich et a!., Magnetic solitons

N

3D~
W/w0

2D\

ID

N/Ni We ~

Fig. 33. The dependence of the frequency a, on the number of bound Fig. 34. The dependence of the number of bound magnons on the
magnons in a two-dimensional soliton in a ferromagnet. frequency w as w—~w0 for different dimensions.

N=const.yto0—to, iD,

N=NK+const.(toO—to), 2D, (10.16)

N=const./yto0—w, 3D.

Similar dependences, schematically shown in fig. 34, are very universal for dynamic solitons without any
topological charge (see ref. [195]).

10.2. Dynamic solitons in magnets with a more complex magnetic structure

Solitons of the same type as three- and two-dimensional dynamic ferromagnetic solitons are also
investigated in other models of magnets. Dynamic solitons of vector I in a collinear antiferromagnetic
(AFM) phase with uniaxial anisotropy were investigated by Bar’yakhtar and Ivanov [165, 166].

Let us consider a stationary central-symmetrical soliton in a uniaxial AFM in an external magnetic
field H parallel to the easy axis. The solution is represented by 0 = 0(r), ~ = lit, where ~ = — toHt
[see eq. (9.29)], 0 and ~ are the angular variables for the vector 1. The motion of the solitons is easily
analyzed using the Lorentz invariance of the effective equations of the AFM.

The equation for the angle 0 is easily obtained from the general dynamic equation for an AFM, eq.
(9.15). Let us determine the AFM anisotropy energy by formula (9.5), containing two constants /3 and
b. In this case the equation for 0(r) is of the form

+ ~ + (112_ to~)sin 0 cos 0 + (to~ — to~) sin 20 cos 20 = 0, (10.17)



AM. Kosevich et a!., Magnetic solitons 217

were to
0 and to1 are the constants, introduced above, which characterize the AFM [see (9.22) and

(9.24)]. An analysis of the soliton solutions of this equation is reduced to the one carried out in the
above section, if we rewrite eq. (10.17) in the form

2l~(~_~+ ~ + S sin 20 — sin 20 cos 20 = 0. (10.18)

dr rdr

Here, we introduced the symbols

l~= c
2/(w~— w~)= 2a/b, S = (11~— w~)/(to~— to~), (10.19)

the other symbols used are as before, to~= (w~+ w~)/2[see (9.36)].
If the symbol 0 is replaced by 0/2, la by l~and S by to/to

0 in this equation, it coincides with the
equation for the function 0(r) of the soliton in a ferromagnet. It follows that the dynamic soliton in an
AFM exists for 0<5< 1, i.e., over the same frequency range as a localized one-dimensional AFM
soliton for

to~<u1
2<to~. (10.20)

So there is a soliton in AFM taking into account only two anisotropy constants in Wa and for b >0.
Using the analysis as above we conclude that, for (12—s. w~(5—s. 1), the soliton is “smeared-out” and is
described by a formula of the type (10.12). For 122—s. to~(5—s. 0) the soliton has a “hard” state with an
internal spherical range of radius 2la/S. Unlike in a ferromagnetic, however, in the interior spherical
range of a “hard” soliton 0 IT/2, the vector 1 precesses with a maximal amplitude, but the
magnetization of the AFM does not vanish: M = Met, M = 11w~/2~a

0A.This range, as in a ferromagnet,
gives the main contribution to the number of AFM spin deviations of the soliton, N,

1- z 3 11111.2 3N=i —dx= 2 Isln0dx. ~10.21
i 2~0 4~s0AJ

Using in the limiting cases (1—s. to1 and 11—s. to,~these asymptotic dependences of 0(r) as well as the
results of numerical integration of eq. (10.2) (at intermediate frequency values) the dependences
between the soliton energy and the number of its spin deviations on the precession frequency may be
plotted. We give the results of the analysis of the function N(l2) [165, 166].

In the limiting cases of both high and low frequencies,
2 23

to~ / to1 — to,~\
—I I l1—s.to

N — 3w1 \l1
2—to~I ‘ C’

N — 2 2 112 (10.22)
3a c(~~) ,

where N
3a is the typical number of magnons in a three-dimensional AFM soliton,

l6irshto /1 \3
N3a= ~L0AM0 (10.23)
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Fig. 35. The dependence of the number of bound magnons on the soliton frequency in an antiferromagnet, z~w= (w, — fl)I(w — w~)for different
w~/w,:(a)w

1—w~4w,,(b)o.,~<<w~.

s is the atomic spin, a the lattice constant, C a constant. As is easily seen, the value of N increases
infinitely at both boundaries of the range of existence of solitons. The function N(Q) is minimal at some
intermediate value of the frequency 11 = (1~(see fig. 35). This value u1~,depends on the ratio /3/b (i.e.,
between to, and w~)but is close to the value to1 at all allowable values of these parameters, for example,

u1~=0.96to1, for0<to~4to1,

uIs.=to~+O.
9lS(w

1—w~),forw1—to~4to1.

The formal Lorentz invariance of the effective equations for the variables 0, ~ = — toHt (see section
9) allows us to investigate a moving three-dimensional soliton. As in the one-dimensional case the
distribution of the vector 1 in a soliton moving with a velocity v is obtained from the stationary
distribution by a Lorentz transformation. For v ~ 0,

— 2 2 2—1120=00(F), cp=12(t—xv/c)(1—v/c)
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where 00(r) is the solution of eq. (10.17) for a stationary soliton, F
2 = (x — vt)2/(1 — v2/c2) + y2 + z2 (the

soliton moves along the x-axis). Owing to Lorentz cancellation, a moving soliton has no spherical
symmetry (i.e., it is flattened along the direction of motion). Its energy is connected with the
momentum P and the number of the magnons N by the relation [165, 166]

E(P, N) = \/E~(N)+ c2P2 + 2
1t0HN, (10.24)

where H is the magnetic field strength, E0(N) is the energy of a stationary soliton with the same
number of magnons N. For H = 0 this formula coincides with the relation for relativistic particles with a
rest mass E0/c

2. For H = 0 the energy and momentum together form the four-dimensional vector
Pa = (E/c, P).

If H ~ 0, the situation is different. By virtue of the fact that the equation for 0, ~ is Lorentz invariant
but the ~ to ~ transition depends on the time, the energy and the momentum do not form a
four-dimensional vector. For H  0, by virtue of (10.24), the energy is a sum of two terms, one of
which, as N, is an invariant of the Lorentz transformation, but the second term is the component of a
four-dimensional vector.

Three- and two-dimensional dynamic solitons in ferrimagnets with two nonequivalent sublattices
have been considered by Ivanov and Sukstanskii [183, 184]. The three-dimensional soliton is repre-
sented by a soliton of the type 0 = 0(r), ~ = lit. The function 0(r) is determined by eq. (10.2), if we
replace the parameters in it as

a (1_ fl11
la—s. l~= /3 — a112/c2 ‘ too = w~(/3— aQ2/c2) (10.25)

[here, the symbols are the same as in eqs. (9.61)—(9.64)].
The soliton exists for 0< S < 1. Therefore, for any ~j ~ 0 the soliton frequency lilies in the range

0< 11< = (c2/2ato*)(Vfl2 + 4f3ato~/c2—

The value of 11~corresponds to the upper point of the ellipse (9.66) and determines the spectrum
boundary of the spin waves in the linear theory of a ferrimagnet. So, the range of existence of solitons
in a ferrimagnet is wider than in an antiferrimagnet, for any value ~ ~ 0.

The structure of the solitons and the values of the parameters depend on the value of ~ at a given
frequency. This value characterizes how close the ferrimagnet is to the compensation point. If the
compensation point is far off [as estimates show, the corresponding condition being of the form
~j ~‘ (/3/A)”2~ the dependences are the same for both ferrimagnets and ferromagnets. For example, the
energy or frequency as a function of the number of magnons are described by eqs. (10.11) and (10.13)
and by the plots in figs. 32 and 31. Specific properties of a ferrimagnet develop near the compensation
point [for ~ ~ (/3/A)”2]. In particular, although the function 11(N) has qualitatively the same form
(there are two branches, the function N(11) increases infinitely for 11—s. 0 and 11—s. ~ the value of the
typical frequency 11~ is changed. For example, (1, = 0.923u1~for ~ = (/3/A)”2, li,~.= 0.975(1~for
= (/3/bA)”2, and l1~—s.11~as ~—s.0. The value ~ = 0 is specific: for any frequency (1 and for ~ = 0

the value of S = 0 [see eq. (10.25)] and there is no soliton solution in the model with a simple form of
the anisotropy energy, Wa = —/3l~/2,see eq. (9.64). Solitons in ferrimagnets at the compensation point
(occurring for a more complex form of the anisotropy energy) were investigated by Zhmudskii and
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Ivanov [196]. As to “hard” solitons, in particular, the density of magnons tends to zero (but is not
finite, as for magnon drop solitons in ferromagnets or antiferromagnets). Therefore such solitons are
called magnon bubbles [196].

A large variety of properties of three-dimensional dynamic solitons in magnets is shown by the above
brief consideration. We conclude by noting that in works already carried out three-dimensional solitons
have been investigated in macroscopic models of amorphous magnetic materials such as spin glasses
[190, 197].

10.3. The stability of localized solitons

The stability of solitons in different nonlinear field models is considered in a number of works (see
Makhankov’s review [53]). To analyze the stability of solitons Lyapunov methods, generalized for
redistributed parameter systems, are effectively used [198, 199]. Using these methods the stability of
solitons for different uniaxial magnets (antiferromagnets [165],ferrites and ferromagnets [184],amorph-
ous spin-glass magnets) has been analyzed. An additional integral of the motion N, which determines
the number of spin deviations in the solitons, is the common factor of these models.

Let us state the results of the analysis of the stability of stationary precession solitons in uniaxial
magnetic models (see refs [184, 166] for details). We shall begin with a three-dimensional centrally
symmetric precession soliton (10.1). It was found that for all uniaxial magnetic models mentioned
above the inequality

dto(N)/dN<0 (10.26)

is a necessary and sufficient condition for the stability of a nodeless soliton [the function 0(r) vanishes
monotonically while moving away from the centre of the soliton]. Here to is the frequency of the
magnetization precession in the soliton, expressed in terms of the number of spin deviations in the
soliton. As follows from this inequality, the three-dimensional nodeless soliton (10.1) in a ferromagnet
is stable over the wide frequency range (for 0< to < tow, see fig. 31). This fact was described in ref. [10].

For three-dimensional centrally symmetric solitons in antiferromagnets, ferrites and spin glasses an
analysis of the function 11(N) results in similar conclusions: low-frequency solitons, for example,
“magnon drop” solitons are stable. The frequency range in which the solitons are stable occupies a
considerable part of the whole frequency range for which three-dimensional solitons exist. As was noted
above, two branches of the function (1(N), one corresponding to stable solitons and the other to
unstable ones, are typical for all known field theory models which allow the existence of three-
dimensional dynamic solitons [53].

We emphasize that condition (10.26) determines the stability of solitons with a monotonically
vanishing function 0(r) or nodeless ones. Solitons with nodes, described in previous sections, are
unstable for any value of the frequency (irrespective of the sign of dto/dN).

Let us discuss the stability of 2D solitons localized along two coordinates. The result of the analysis
depends on whether we consider the 2D soliton in a two-dimensional magnet or use the corresponding
solution to describe a cylindrically symmetric state in a three-dimensional environment.

As shown in our analysis, the localized soliton (10.14) in a 2D magnet is stable when the inequality
(10.26) is fulfilled. As for the soliton (10.14) in a ferromagnet, the frequency vanishes monotonically
with increasing N, thus we may conclude that a localized soliton in a two-dimensional ferromagnet is
stable for any value of both the frequency and the number of bound magnons.
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As to three-dimensional magnets, the analysis has an essentially different result: regardless of the
sign of dto/dN the soliton (10.14), localized in two-dimensions, is unstable relative to three-dimensional
perturbations. We note that this result is obtained for the cylindrically symmetric solution (10.14) only.
Two-dimensional solitons of other types, for example, the 2D topological solitons considered~below,
may be stable relative to three-dimensional perturbations. However, cylindrically symmetric precession
solitons in three-dimensional magnets are unstable and there is no sense in considering these.

We shall analyze the stability of 1D solitons, in which the magnetization perturbation is localized
along one space direction. We shall define the concept of soliton localization. For a ferromagnet or
ferrite a soliton is localized if for i—s. ± cc the magnetization M(~)tends to the same value, which
corresponds to the ground state, M = M0e~or M = —M0e~.For antiferromagnets, owing to the
equivalence of states with 1 and —I (1 is the vector of antiferromagnetism) solitons may also be
considered to be localized, when the directions of I for f—s. +cc and f—s. —cc are reversed (180°domain
walls in the vector field 1, see section 9).

In going over to angular variables a stationary 1D soliton is described by a solution such as ~ = tot,
0 = 0(e). Two types of behaviour of the function 0(e) correspond to magnetization localization. In the
first case the value of 0 is the same (0=0) for i—s. +cc and c—s. —cc In this case the function 0(4~)is
surely nonmonotonic. In the centre of the soliton the quantities d0/d~= 0 and 0( ~)achieve a maximal
value. In the second case the function 0( 4~)is monotonic, the quantity 0 differs by

2IT for i—s. +cc and
4~.s.—cc, but d0/d~does not vanish. Such a soliton may be considered a 360°domain wall, which is not
topologically specific unlike the usual 180°walls. For a uniaxial ferromagnet the first type of behaviour
occurs for 0< w <to

0, and the second one for to <0.
It was found that the stability conditions differ essentially for these two types of solitons. A

nonmonotonic soliton 0( ~) [0(± cc)= 0] is always unstable relative to non-one-dimensional perturba-
tions. In one-dimensional magnets it is stable, like localized non-one-dimensional solitons, only when
the condition dw/dN<0 is fulfilled. The stability conditions of the 360° DW soliton [with 0(e)
changing monotonically] are less rigid. This soliton is stable irrespective of the sign of dto/dN both in
1D magnets and allowing for a three-dimensional perturbation. The same statement is valid for
precessing localized solitons of 180°DW type in antiferromagnets: they are stable with respect to
arbitrary perturbations, including three-dimensional ones, irrespective of the sign of dw/dN.

The above analysis of the functions N(to) for uniaxial magnets shows that a negative sign,
dw/dN <0, is obtained in the soliton range with 0(± co)= 0 (for ferromagnets when 0< to < to0, for
antiferromagnets when ~ < (12 < w~).For all models under consideration a positive sign, dto/dN>0,
is obtained only in the soliton range of the 360°DW type in ferromagnets or of the 180°DW type in
antiferromagnets, where the solitons are alway stable. Thus, the conclusion may be drawn that 1D
solitons in one-dimensional magnetic models are stable when the parameters have allowed values. As
for three-dimensional magnets, one-dimensional soliton solutions are only stable when they have the
form of domain walls (including the non-topological 360°DW type).

10.4. Dynamic soiitons and bound states of magnets

The analogy between dynamic solitons and bound states of a large number of quasiparticles has been
emphasized repeatedly by the authors of this review 110, 12, 200]. We shall consider the physical
consequence of such a comparison for the three-dimensional case.

The previous analysis showed that both stable solitons and metastable ones in 3D ferromagnets are
available only if N> N~~ 1. Silberglitt and Torrans [201]have shown before that bound states of two
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magnons with zero total quasi-momentum are formed only when the condition (a/l0)
2 > ~ is satisfied,

where ~ is a numerical parameter of the order of unity. In the situation under consideration the inverse
inequality a 4 l~is satisfied (we note, that the condition 10 ~ a corresponds to N

3 ~ 1). That is the reason
that stable low-amplitude solitons cannot exist in a uniaxial 3D ferromagnet with 10 ~‘a. The last
conclusion is essentially based on the assumption that the magnon dispersion law (2.13) is a quadratic
law in the wave vector k.

Let us assume, that the dispersion law is different, that is,

(10.27)

Such a dispersion law may be realized in an antiferromagnet placed in a strong magnetic field [202,
203]. With the dispersion law (10.27) the density of states of quasi-particles increases at the edge of the
spectrum as (c — c0)~’

4.Analysis [204]shows that two such particles may produce a bound state with
an arbitrarily small attraction between them. What can we say about solitons in such a system?

A macroscopic description of the fields of bosons (in this case magnons) is based on the Hartree
approximation for the N-magnon wave function t/i(r, t), which is normalized to the total number of
magnons N, J 91112 d3x = N. The equation for the function 91i(r, t), taking into account the dispersion law
(10.27) and on the assumption of a 6-shaped attraction between magnons, may be written as follows:

ill aip/at = e
091i + yz1(~i91i)— U0a3I91I291i. (10.28)

The solitons of eq. (10.28) have been investigated by Ivanov and Kosevich [205]. A centrally symmetric
soliton is represented by the following solution:

ip(r, t) = ~(r) e”~’, r = rI, to = c/11. (10.29)

The localization range of the soliton is Fir l
4[c0/(c0 — c)]

114 where 14 = (y/c
0)”

4 is a typical length.
The amplitude of the soliton is ~(O)-= (c

0 — c)”
2 and tends to zero as c—~~. In this limit the number of

magnons in the soliton vanishes,

N =1 2 4ITr2 dr (c
0 — )1/4 - (10.30)

Such a behaviour reminds us of the one-dimensional case and differs from two- and three-dimensional
cases (see fig. 34). The dependence of the energy and frequency of the soliton on N is [205]

E = c0N[1 — (U0/5c0)(N/N4)
4] , 11w = = e

0 — U0(N/N4)
4 , (10.31)

where N
4 (y/a

4U
0)
3’4 ~ 1 is a well-defined constant number. The energy per magnon is negative in

the soliton, and for any low values of N, dto/dN <0. This allows us to draw the conclusion that a
low-amplitude 3D soliton in the model (10.28) is stable.

Thus, the analysis of the conditions of existence of bound states in magnons helps in search for
physical systems possessing non-one-dimensional stable solitons with low amplitude.
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10.5. Solitons in two-dimensional magnets

For a two-dimensional ferromagnet, a more general soliton solution of the Landau—Lifshitz
equations than (10.14) may be found [194]. Lack of cylindrical symmetry in the magnetization
distribution and the available dependence between the angle ~ and the positions of points in 2D
magnets is typical for them. Introducing the polar coordinates p, x~we may easily be convinced that the
Landau—Lifshitz equation for a uniaxial ferromagnet (6.3) has a solution of the form

00(p), (p=PX+wt, (10.32)

where z.’ is an integer, v = 1, 2,. . . (the trivial cylindrically symmetric case v = 0 has been investigated
above). The function 0(p) satisfies the equation

/ 2 2

2idO 1d0 v - ~to.
+ — — — —~ sin 0 cos 0) + — sln 0 — sin 0 cos 0 = 0. (10.33)dp pdp p to0

A homogeneous magnetization (0 = 0) for p —s. cc and a regular solution in the centre of the soliton
(p = 0) are the boundary conditions. The latter results in the condition

0=mIT, m=0,±1,±2,... forp—s.0. (10.34)

The solutions with m ~ 0 describe some very interesting solitons from the physical point of view (see fig.
36). These solitons, first, possess a nonvanishing momentum of the magnetization field,

L5—IlpN. (10.35)

Secondly, these solitons are topologically specific.
We shall analyze the solutions of the type found in (10.32) with various v and m = 1, for which

0(0) = IT, 0(cc) = 0. Analysis [194]showed that a localized solution is found only for 0< to < to0. At low

tf tt’ttfittlftt4
Af t ~ ‘T ~ ~ 1

Fig. 36. The structure of a two-dimensional topological soliton with v = 1.
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frequencies (to 4 to
0), which correspond to large N (N ~- N2) [see (10.15)], the properties of solitons

with i.’ ~ 0 and cylindrically symmetric solitons with i.’ = 0 are similar. The difference lies actually in the
fact that the behaviour of the function 0(p) as p—~0 is

0°00—Ap
2, 0~<IT, for v0,

0=IT—(pIp
0) , for~~0.

The functions E(N) and to(N) for N ~‘ N2 for these solitons are similar and are determined by eq.
(10.15).

For lower N the difference in the structure of these solitons is fundamental. As shown in refs. [194,
206, 207], there is a topological soliton with v  0 at very small N. Low values of the localization radius
R of the soliton correspond to small N. As the specific properties of topological solitons appear at small
N, we shall consider this case in more detail.

The value of R 4 1)) corresponds to small N (N 4 N2). Therefore, the theory has the small parameter
RI!0, which allows us to carry out the investigation of the soliton analytically [207, 208]. In first order in
(Rh0)

2 eq. (10.33) reduces to

+ ~ ~ — sin0 cos 0 = 0. (10.36)
dp pdp p

Equation (10.36) is scale invariant: if 0
0(p) is a solution, then 00(Ap), where A = const., is a solution

too. It describes formally static (to = 0) soliton solutions in an isotropic ferromagnet. Belavin and
Polyakov [34] have found a solution with the necessary boundary conditions,

tan(0~,/2)= (R/p)
1”~ - (10.37)

Here R = const. and it determines a localization radius of the soliton. The energy of the soliton in
(10.37) for an isotropic ferromagnet is finite and does not depend on the localization radius:
E
0 = ~lE, = IH ~4iraaM~.

Let us return to the case of interest of solitons in an anisotropic ferromagnet described by eq.
(10.33). For small values of RI!0 its solution may be found by an expansion in powers of (RI!,))

2,

0(p) = 0
0(p) + (Rh10)

20,(p) +....

Sometimes it is easier to use as a first-order approximation not the Belavin—Polyakov solution but the
assumption

1/22 /R(w
0to) \ ip(w0—to)tan(0~I2)= 1/2 ) K101(\ 112 (10.38)(~I—1). 2w~l~ ~

where K1,,1(x) is the Macdonald function. Relations (10.37) and (10.38) are equivalent for p 4 !~(to
verify this, the asymptotic form of the Macdonald function is used: 2K~(x)= [(i.’ — 1)!/2](2/x)’~for
x41, ~>0). If p~R, then 0~41.In this case eq. (10.38) gives an accurate (exponential) asymptotic
form of eq. (10.33).
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A calculation of E(N) to first order in (R/l0)
2 results in the formula

E(N) = e
0(2N2IvI + N/IvI). (10.39)

The first term in this formula coincides with the energy of the Belavin—Polaykov soliton in an isotropic
ferromagnet, the second is due to the contribution of the anisotropy energy. By using this equation and
the formula dw!dN = 11w, we obtain the limiting value of the frequency of the soliton for small N [207],

to—s.to0/I~I for N/N2—s.0. (10.40)

It should be noted that the same formula is obtained under the condition of solubility of the linear
equation for 0,. To calculate the function w(N) for small but finite values of N/N2, the equation for 0~is
to be solved. Analysis [208]shows that the behaviour of the function to(N) for small N/N2 is essentially
different for v = 1 and ~‘> 1. If i.’  1, the function to(N) is analytic,

to = (w~/~vI)[1— ‘q~(N/N2)], (10.41a)

where ~ is a constant, the value of which decreases with increasing x.’. If v = 1, a connection between to
and N is given by the formula

N/N., = 0.608(1 — w/to0)
2 exp[—1/(1 — to/to

0)], (10.41b)

that is, the function w(N) has a definite derivative for N—s. 0.
At finite values of N/N2 the soliton structure and the relations N(to) and E(N) may be obtained by

numerical integration of eq. (10.33). Using numerical methods Kovalev et al. [194] investigated, first,
topological solitons in an anisotropic ferromagnet for v = 1. Using a computer in later work, the cases
= 2 [206]and ii = 3, 4 [207]have been investigated as well. The relations w(N) and E(N) obtained in

these works are given in figs. 37 and 38. The results of the numerical calculations are in good agreement
with the asymptotic relations (10.39)—(10.41).

0 I I I I

0 2 4 N/N2
Fig. 37. The dependence of the frequencyw on the number of bound magnons in two-dimensional topological solitons with v = i, 2, 3 and 4 (curves
1—4).
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16 ~

0 10 N/N2
Fig. 38. The function E(N) for two-dimensional topological solitons with p = 1, 2, 3 and 4 (curves 1—4).

Topological solitons of the type (10.33) in antiferromagnets have been investigated by Voronov and
Kosevich [209] and by Ivanov and Stephanovich [208]. The main specific properties in the case of
antiferromagnets appear for large-radius solitons. In this limit, when the number of magnons in the
soliton is large (N ~‘ N2a, where N2a is some typical number, N2a ~‘ 1), the function 0(p) has been found
in ref. [208]and is given quantitatively in fig. 39. The radius of the range 0 ir/2 is of the order of
la(NIN2a)”

2, but the typical size of the central “vortex” is Ia, where la was introduced above, see
(10.19). In the limit N>>N

2a the soliton frequency approaches toe, the curves (1(N) corresponding to
various values of p are introduced at finite N/N2a.

In the second limit (small N/N20) the limiting value of the frequency is determined by the formula

= (1/3~
2)[(v2 + 2)w~+ 2(p2 — 1)to~]. (10.42)

~ ~______ —

Fig. 39. The magnetization distribution in solitons with small w and large N; solid line: antiferromagnetic soliton, dashed line: ferromagnetic
soliton.
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For p = 1 the limiting value of the soliton frequency coincides with the maximal possible frequency,
11—s.w,. If ii is large (Ivl~1),the frequency tends to a limiting value equal to ~(w~+2w~), which is
larger than toe. The behaviour of the function (1(N) for small N for antiferromagnets is the same, on the
whole, as for ferromagnets: the function (1(N) is analytic for I ~I> 1 and possesses the feature (10.41)
for p1=1 [208].

The asymptotic relations obtained analytically are in good agreement with the calculated results
obtained on a computer [209].

10.6. Topological analysis of magnetic solitons

As we have noted above, topological solitons are those which cannot be shifted to the ground state
by continuous deformation of the magnetization field. We shall consider below the topological
properties of solitons in ferromagnets. First we shall give some general comments.

Topological solitons can be divided into two groups, according to the localization of the magnetiza-
tion. If the magnetization is uniformly distributed far from the soliton, and if it corresponds to the
ground state of the ferromagnet, then the soliton is called a localized soliton. If at a large distance from
the soliton the magnetization depends on the coordinates, i.e., if it has different limiting values in
different directions, then the soliton is called nonlocalized. Vortices in superfluid helium, disclinations
in liquid crystals and so on are examples of nonlocalized topological 2D solitons (see Volovik and
Mineev’s article [210] and the review articles [211, 212]). In 2D magnets nonlocalized topological
solitons are presented by antiferromagnetic disclinations (as considered by Dzyaloshinskii [213]and by
Kovalev and Kosevich [214]) and by magnetic vortices in ferromagnets with an anisotropy such as an
easy plane [159].The 180°domain walls in ferromagnets are nonlocalized topological 1D solitons. For
3D isotropic magnets a nonlocalized topological soliton (“hedgehog” magnetization field) is known
[210]. Such solitons, called Bloch points, play a significant part in the physics of magnetic bubbles
(cylindrical magnetic domains) in uniaxial magnetic films (see Malozemoff and Slonczewski’s mono-
graph [82]).

We shall confine ourselves to considering the topological properties of 2D and 3D localized solitons.
For 2D solitons the magnetization depends on two coordinates in the (x, y) plane. In 3D space these
solitons are bounded by specific lines of topological singularities of the magnetization field.

Let us introduce the unit vector m = M/M0. The function m(x, y) maps the magnet space on the
surface of a unit sphere. Because the soliton is localized, all points at infinity on the (x, y) plane are
mapped onto a single point on the sphere. In other words, all points at infinity on the (x, y) plane are
identifiable points. Accordingly, the 2D solution of the Landau—Lifshitz equations, which describes the
localized soliton, maps on the sphere the plane with identifiable points at infinity. The function m(x, y)
corresponding to uniform magnetization (m = m0) maps the entire (x, y) plane onto a single point on
the sphere, m

2 = 1. We shall call such a mapping a trivial mapping.
Is there a mapping of the plane onto a sphere which cannot be changed to a trivial mapping by

continuous deformation? We know from topology that each mapping of the plane onto a sphere can be
compared to a mapping invariant

1 1 7am am\ 2 (iO.43a)

where is the absolutely antisymmetric tensor of second rank. The value of Q does not change under
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continuous deformation of the function m(x, y). The invariant (10.43a) is given in angular variables as

Q= ~—fsin0d0dc~. (10.43b)

The invariant Q takes integer values Q = 0, ±1,±2,etc. It is clear that Q = 0 for the trivial mapping. If
Q  0 for a soliton, then such a soliton cannot be brought by continuous deformation to the ground
state of the system, which corresponds to Q = 0. The evolution of the magnetization field in the limits of
the Landau—Lifshitz equation occurs such that the sum of the topological charges is constant,

~ = const. (10.44)

It allows us to call Q the topological charge of a soliton. The topological charge of the magnetization
field of a two-dimensional ferromagnet is formally equivalent to an electric charge, i.e., the topological
charges of the solitons “add up” in the same way as the electric charges. It is easy to convince oneself
that Q = i.’ corresponds to the solution of eq. (10.33); therefore, it describes a soliton with topological
charge ,~‘.

The static N-soliton solutions in an isotropic two-dimensional ferromagnet obtained by Belavin and
Polyakov [34] serve as a known example of many-soliton solutions. To show this solution we shall
introduce a new complex variable for describing the magnetization,

m +im,w = = cotan 0 e’~. (10.45)
1-me

We will denote the position of a point on the (x, y) plane by the complex number z = x + iy. The
complex planes supplemented with the infinitely removed points z = cc and w = cc are the range of
variation of w and z.

For these variables the solution of the type (10.37) is described as follows:

w=z’~ forp>0, w=z~” forp<0,

where the complex conjugate is denoted by an overbar.

The energy E and the topological invariant Q for these variables is of the form

2 f d2x (aw a~ aw a~\E = 4iraaM
0 I 2 2 — + — , (10.46)

J (1+IwI ) \az az az azi

~l f d
2x ~ (10.43c)

IT J (1 + Iw12)2 \ az 8i az az /

The equilibrium static distributions of the magnetization are described by minimizing the energy
(10.46). As a result the following equation arises:

a (aw~ 2~ aw aw 1047
az \ az! — 1 + w~az ai
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(which may be also obtained from the Landau—Lifshitz equation for an isotropic ferromagnet). It is
easy to see that an arbitrary analytic function, that is, a function satisfying the Cauchy—Riemann
equations,

aw/ai=0 or aw/az=0,

is a solution of eq. (10.47). Functions of the type w = w,(z) or w = w,(i) satisfy the condition w1,
—s. cc as I z I—~cc (we assume that far from the soliton 0 = 0).
It follows, that an unknown n-soliton solution is described by a rational function as

~ ~ z~ ~ (10.48)

where k n. The solution w2 may be described in the same form, replacing z by ~. It may be shown
that the energy of eq. (10.48) equals 4ITaaM~n= E0n, where E0 is the energy of one soliton of the type
(10.37) with v = 1. The topological charge is Q = n for w,(z) and Q = —n for w7(i). The complex
parameters a~,A~,b1 and c. determine the specific form of the solution, i.e., the number, positions and
sizes of the solitons.

The zeros of the function (10.48) determine those points on the (x, y) plane where the magnetization
is oriented opposite to the equilibrium direction at infinity (0 = IT). Such a point may be considered as a
centre of the soliton. Therefore, a function of the type (10.48) describes many-soliton solutions having
total topological charge n. If all the parameters a, and b are different, then we have an n-soliton
solution in which each of the solitons possesses the charge Q = 1. If some of the parameters a,, b.
coincide, then the number of solitons is smaller than n, but the charges of some of them are larger than
unity. In the particular case when k = n and all the a1 are equal, the solution of (10.48) coincides with
(10.37) and describes one soliton with the charge Q = n, located in the point z = a,.

Let us discuss now 3D localized solitons. The topological properties of these solitons are determined
by the topological properties of the mapping onto a unit sphere of three-dimensional space with
identifiable points at infinity. We shall use the symbol S to denote a sphere in three-dimensional space,
the index 2 showing its two-dimensional nature. We shall also introduce the symbol S

3 for a sphere in
four-dimensional space.

Just as the (x, y) plane with identifiable points at infinity is equivalent to the sphere S2, the space
(x, y, z) is equivalent to the sphere S3. In the topological analysis of localized three-dimensional solitons
we must investigate the mapping S3 —s. S2. It has been established in topology [35]that the integer Hopf
invariant classifies the various mappings S3 S2 The principal characteristic of the Hopf invariant is
that it remains constant under arbitrary continuous deformation of this mapping of the function
m(x, y, z).

The Hopf invariant of the magnetization field is determined as follows. It is clear that the value of
the magnetization vector may be determined by the action of the orthogonal matrix 0, which describes
a rotation in 3D space, upon some unit vector. Let us use as the starting point the equilibrium
magnetization m = e

5 in a uniaxial ferromagnet,

m, = O.1m~°~= 0,3, i = 1,2,3. (10.49)~

One of the possible ways in which the matrix Oj~can be represented is by using the four-dimensional



230 A.M. Kosevich et a!., Magnetic so!itons

unit vector ~ a =1,2,3,4,

0~,= + 2(p,v1 — v
26~

1)— 2v4E,kJvk. (10.50)

Using eqs. (10.49) and (10.50) we find

m = e~(1— 2,.t2) + 2v~~+ 2v4(v x es),

where ~a is written in the form (v, p4). Using this notation, we can write the Hopf invariant in an
integral form,

1 8~ a~ av
~‘= ~ f ~ -,~j—~~j—~-,~j—~d~x. (10.51a)

Here is the absolute antisymmetric tensor in four dimensions.
We shall introduce the angular variables, which specify the vector ~a’

p4=cosX, p3sinXcoslP, v, +ip2=sinXsinlPexp(iP). (10.52)

Using these variables, we shall rewrite the Hopf invariant in the form

= ~-~--~ J sin
2X sin ~1’dX d~I’d’P. (10.51b)

As we have noted, the Hopf invariant remains constant under arbitrary continuous deformation of the
magnetization field. Therefore, the value of the Hopf invariant serves as the topological charge of a 3D
soliton. During the evolution of an arbitrary 3D soliton system the sum of their topological charges
remains constant,

~~=const. (10.53)

Let us discuss the properties of a magnetic 3D soliton with a given value of the topological charge ~.
Analysis shows that for a ferromagnet with easy-axis anisotropy the Landau—Lifshitz equations
correspond to 3D topological solitons,

= ~ + tot, 11= 11’(r, ~), X = X(r, i9), (10.54)

where ~ is the topological charge, r, i~and ~ are the spherical coordinates in the space x, y, z, z =
r cos i~,x + iy = r sin i~exp(i~).The integer ~ results from a single-valued magnetization field.

If the ferromagnet is in the ground state at infinity, then the functions X, ‘P satisfy the following
boundary conditions:

X(O,~~)=IT, X(cc,i~t)=0, ‘P(r,i~+ir)=911(r,i~)+IT. (10.55)

Conditions (10.54) and (10.55) result in a nonzero value of the Hopf invariant, which is equal to ~C.
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A solution of this type has been obtained by Dzyaloshinskii and Ivanov [215]. It describes a very
simple dynamic topological 3D soliton in which the vector m precesses around the z-axis at a frequency
to, but the precession amplitude depends upon the variables r and ~,

m5 = 1 — 2 sin
2X sin2’P,

(10.56)
+ im,, = 2 sin X sin ‘P (cos ‘P sin X — i cos X) exp(i~).

It is found that for a 3D topological soliton the z-projection of the angular momentum L~of the
magnetization field is nonvanishing. It may be shown, that the value of L

5 expressed in terms of N and
the Hopf invariant is

L5=—11~’N. (10.57)

We note that the same relation is obtained for a 2D topological localized soliton (magnon vortex). The
common statement seems possible that rotating “magnon drops”, whose projection of the total orbital
angular momentum of the magnons is quantized according to condition (10.57), are a quantum-
mechanical analog (of course, in quasi-classical approximation).

Let us analyze the structure of the soliton. The functions X(r, i~) and ‘P(r, ~) are described by
solutions of a set of two partial differential equations. We have not succeeded in plotting these solutions
analytically or using a computer. However, the distribution of the magnetization in the soliton may be
obtained schematically from energy considerations. In terms of the fact that the minimum energy of a
magnet at a given value of N corresponds to a soliton, we shall plot a solution with to 4 to0.

We shall confine ourselves to the case ~‘ = 1. It is easy to understand in what manner can we build a
soliton which corresponds to a minimum energy for a given number of magnons N. We shall consider
that N ~ N3 (the typical size of the soliton, R, is much larger than la). It is clear that in this case such a
magnetization configuration is energetically advantageous, in which there is a large region, of the order
of R

3 ~ l~,where m
5 is about —1. This region determines N, but makes no contribution to the energy of

the soliton. An analysis of the conditions (10.55) and the relations (10.57) shows that the region with
m5 = —1 is separated from the rest of the magnet by a domain wall with torus topology. A torus shape,
being nearly similar to the shape of a drilled sphere with holes of the order of k0 (fig. 40), corresponds
to a minimum area of the boundary and, therefore, to a minimum energy of the soliton. Estimating E
and N for such a soliton and calculating to as 11’ dE/dN to first order in 10/R or N3/N, we obtain
formulae which are similar to those obtained in the case of a dynamic soliton (magnon drop) with
H = 0. It is clear that the domain boundary, being similar to a spherical one, makes a basic contribution
to the soliton energy having a “drilled-sphere” shape (just as in the case of a dynamic soliton), but the
region inside the domain boundary, being close to a sphere, provides the principal contribution to the
number N.

So, to first order in N/N3 the energies of both topological and dynamic 3D solitons as well as 2D
solitons coincide.

Different considerations have been used for plotting 3D solitons of vector fields with topological
charge ~‘(Enz [158,216], Kundu and Rybakov [217],Vega [2181and others). That is, the fact was used
that a Hopf soliton can be represented as a magnon vortex closed by a ring (2D topological soliton)
with some inhomogeneity along the soliton line.
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z

Fig. 40. The magnetization distribution in a three-dimensional topological soliton with 1i~= I and No’ N~.

Topological considerations are very useful for analyzing one-dimensional solitons and their systems.
On their basis conclusions regarding the soliton stability can be drawn. Besides, topological considera-
tions allow us to determine some qualitative properties of the soliton solutions, for example, to
establish theorems on the conservation of topological charge in 2D or 3D magnets, eqs. (10.55) and
(10.53). It is especially true that the number of two-dimensional models for which partial many-soliton
solutions are known is small, and no many-soliton solutions are known for any nonlinear 3D model.

10.7. Two-dimensional magnets: many-soliton solutions and some valid results

The results given above were mainly concerned with the analysis of single solitons. We note that
great advances have been achieved in the investigation of the nonlinear dynamics of two-dimensional
ferromagnets in a more general way.

The Cauchy problem for a disturbed magnetization field of the type M = M( p, t) (p is the polar
coordinate, t is the time) for an isotropic 2D ferromagnet has been solved by Mikhailov and Yaremchuk
[219].The problem for a Lorentz-invariant model of the dynamics of the unit vector I has been solved
by the same authors [220]. This solution allows one to describe the dynamics of an isotropic
ferromagnet.

Mikhailov and Yaremchuk’s result lies in the fact that any cylindrically symmetric localized initial
disturbance of the type M(p, 0) or l(p, 0) “spreads” in time: at large times the deviation ofM(p, t) or
l(p, t) from the equilibrium value tends to zero. It follows, in particular, that there are no cylindrically
symmetric soliton solutions in isotropic magnets. This result is in accordance with the analysis of the
dynamic centrally symmetric soliton in two-dimensional ferromagnets carried out above. According to
this analysis, for the existence of a precession soliton an anisotropy has to be present. We note that the
situation is principally different for topologic solitons, which do not possess cylindrical symmetry in an
isotropic ferromagnet. A single soliton in such a magnet is stable, its structure is described by Belavin
and Polyakov’s solution (10.37).

We shall give some results of the analysis of many-soliton solutions in two-dimensional magnets. For
these magnets to be described by the sine-Gordon equation (for example, for anisotropic anti-
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ferromagnets (section 9) and for strongly anisotropic ferromagnets of the “easy-plane” type [12,200])
the many-soliton solutions in the 2D case can be described by generalizing this equation to the 2D case.
The two-dimensional sine-Gordon equation can be written in the form

a2u a2u a2u—~+—--~—----
1-=slnu, (10.58)

ax ay at

where u is some angular variable. Equation (10.58) is written with dimensionless coordinates and time.
For the static case eq. (10.58) represents the elliptic sine-Gordon equation. The solution of this

equation can be obtained from the known solutions of the standard (hyperbolic) sine-Gordon equation
by a complex transformation. Interesting solutions of these equations describing an interaction between
static domain walls and two-dimensional vortex solutions were obtained [221—224].

Interesting dynamic solutions of eq. (10.58) of the (x, y, t) type have been obtained by Borisov et al.
[225, 226]. These authors, in particular, investigated the dynamics of two-dimensional vortex-shaped
disturbances. They also obtained solitons of the 2D bion type (breathers). These solitons are localized
along some direction q1 for a two-dimensional magnet and are inhomogeneous along the direction q2
(orthogonal to q,) and periodic in time. (We note that the solitons of the same type, localized in one
direction, have been investigated previously for the two-dimensional Kadomtsev—Petviashvili equation)
[3].

For an isotropic 2D ferromagnet two-dimensional bion-type solitons have been obtained and
investigated by Borisov and Kiseliev [226].A localization of the magnetization along some direction q,
in the 2D ferromagnetic plane corresponds to such a soliton. The soliton is not localized along the
perpendicular direction q2 I q1, but the magnetization is inhomogeneously distributed.

The localized region (the centre of the soliton) moves along the direction q1 with velocity v. In the
coordinate system moving together with the soliton, the magnetization vector precesses with frequency
to. The method for the construction of many-soliton solutions of a similar type is given in ref. [226].
Two-soliton interactions are schematically shown in fig. 41. In the coordinate system fixed to one of the
solitons, the disturbance of the one-soliton solution is localized in the “intersection” region of the
solitons. When they leave the interaction region each of the solitons is restored to its initial form and
velocity. Just as for the one-dimensional case only finite phase shifts occur (the coordinates of the
soliton centres are shifted, i.e., the line of each soliton “centre” is bent).

U

/ X

Fig. 41. The interaction of two magnetic solitons in a two-dimensional isotropic ferromagnet.
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