
Classical Mechanics



Kinematics



Velocities



Idea 1
Choose the appropriate frame of reference.

Useful frames:
- Bodies are at rest
- Projections of velocities vanish
- Symmetric motion
Change back to the laboratory frame with the rule of 
adding velocities.







Definition 1
Scalar - a numerical value

Vector – described by magnitude 
and a direction

Definition 2
Velocity - vector which can be 
defined by the projections to the 
axes

Speed - magnitude of velocity



Idea 2
Problems involving addition of vectors can be reduced to 
application of geometrical facts:
- Shortest path from a point to a line is perpendicular to 
the line
- Triangles ABC which have two fixed side lengths |BC| = 
a and |AC| = b < a, the triangle of largest ∠ABC has ∠BAC 
= 90°







Idea 3
Try to reveal hidden symmetries, and make the problem 
into a symmetric one.

Idea 4
It is possible to figure out everything about a velocity or 
acceleration once we know one of its components and 
the direction of the vector.







Idea 5
If a graph of y versus x is given, quite often some tangent 
line and its slope turn out to be useful.

- Show the derivative is related to a physical quantity, z 

- Express z in terms of increments dx and dy, and 
manipulate until these increments until they enter the 
expression via dx/dy



Idea 6
- Sometimes calculations cannot be done in a generic 
case, but are easy for certain special values of the 
parameters

- Highly probable that unusual coincidence is important 
(e.g. slope of the tangent is zero)







Idea 7
If friction affects the motion then usually the most 
appropriate frame of reference is that of the 
environment causing the friction.







Idea 8
Some minima and maxima can be found without taking 
derivatives.

If one of two vectors is constant and the direction of the 
other is fixed then the modulus of their sum is minimal if 
they form a right-angled triangle.







Idea 9

Read the problem text carefully, try to understand the 
meaning of every statement, don’t make hasty 
assumptions by yourself.

- Develop skills of parsing fast through paragraphs at 
competitions under time pressure

- Find all important hints hidden inside



Idea 10
- Useful to first write down an equation containing the 
required quantity as an unknown

Idea 11
- Difficult to analyze three-dimensional motion, it should 
be reduced to two dimensions







Idea 12

An elastic collision is analyzed most conveniently in the 
center of mass frame.

- Ball collides with a wall

- Center of mass coincides with that of the wall

For an elastic collision without friction, the bodies will 
depart with the same speed as they approached.



Idea 13
For an elastic bouncing of a ball from a wall which moves 
with velocity 𝑢 in the direction of the surface normal, the 
normal component 𝑣𝑛 of the ball’s velocity Ԧ𝑣 is increased 
by 2𝑢, i.e. 𝑣𝑛

′ = 𝑣𝑛 + 2𝑢.



Fact 1
The angle between velocity vectors depends on the 
frame of reference.



Idea 14
For vectorial calculations, prefer geometrical approaches, 
but if it seems unreasonable (e.g. conditions are 
formulated through the projections of vector) switch to 
the algebraic approach

- Optimal choice of axes important for algebraic approach

- Algebraic approach leads to a brute-force-solution

- Figuring out an elegant solution with a geometrical 
approach can take some time



Idea 15
- Two vectors are perpendicular if their 
scalar product is zero

Idea 16:
The circumcenter of a right triangle is at the 
center of the hypotenuse, hence the 
median drawn from the right angle divides 
the triangle into two isosceles triangles, and 
the right angle into the angles equal to the 
acute angles of the triangle







Definition 3
Angular velocity ω equals by magnitude to the rotation 
angle per unit time, and is parallel to the rotation axis, 
the direction being given by the right-hand rule.



Idea 17
When switching between rotating frames of reference, 
angular velocities are to be added in the same way as 
translational velocities in the case of translationally 
moving frames of reference.







Accelerations and Displacements



Idea 18
- Calculation of many physical quantities can be reduced 
to the calculation of surface areas under a graph

- Distance is area under a v - t curve

- Velocity is area below an a - t curve











Fact 2
If a body moves with initial speed 𝑣𝑜, final speed 𝑣1 and 
has constant acceleration a during time t, the distance 
traveled:



Idea 19

- Sometimes it is useful to change into a non-inertial 
reference frame: velocities are added just in the usual 
way 𝑣𝑙𝑎𝑏 = 𝑣𝑟𝑒𝑙 + 𝑣𝑓𝑟
- If a frame moves translationally then accelerations can 
be added in the same way, 𝑎𝑙𝑎𝑏 = 𝑎𝑟𝑒𝑙 + 𝑎𝑓𝑟







Idea 20
- Sometimes, it is possible to separate two- or three-
dimensional motion of a body into independent motions 
in perpendicular directions

- Simplest application: Two-dimensional motion of a body 
in a homogeneous gravity field which is studied in every 
textbook



Fact 3
Free fall trajectory of the center of mass of a body in a 
homogeneous gravity field g is a parabola, parametrically 
given as:

Fact 4:
Free fall problems can also be analyzed when using 
inclined system of axes.







Idea 21
If a force is perpendicular to the direction of motion, 
then the velocity vector can only turn, its magnitude will 
not change.







Idea 22
Sometimes even a reference frame undergoing very 
complex motion can be useful.

Idea 23
Instead of calculating physical velocities, it is sometimes 
wise to look at the rate of change of some distance, the 
ratio of the two lengths, etc.







Idea 24
For some problems, optimal choice of parametrization 
can simplify mathematical calculations significantly:

- Cartesian

- Polar

- Cylindrical

- Spherical







Optimal Trajectories



Idea 25
If velocities in various environments are given and the 
quickest way from point A to point B is asked, Fermat’s 
principle can be of help.

If a ray of light originating from point A passes through 
point B then the actual path of the ray is the quickest way 
for light to reach point B from point A (local minimum).

If the quickest way to a plane or line is asked, then this 
plane or line can be substituted with a point at infinity in 
the perpendicular direction to it.





Fact 5
Light propagates from A to B according to Snell’s law: it 
refracts at the interface so that the angle between the 
surface normal and the path forms angles α1 and 
α2 satisfying the equality sin α1/sin α2 = 𝑣1/𝑣2.







Idea 26
When studying a reversible process, sometimes it is 
easier to analyze the reverse process.

Idea 27:
For the fastest path problems in kinematics, the approach 
based on the Huygens principle can be used.







Idea 28
Optimal ball-throwing can be reduced to the ballistic 
range problem: a cannon can shoot projectiles with a 
fixed launching speed; in which range can the targets be 
hit?

The targets should be within a paraboloidal region, and 
the canon is at its focus.



Fact 6
The black and cyan curves represent the optimal 
trajectories for hitting targets at the red parabola: the 
projectile’s launching speed is minimal.

Fact 7
When a target is shot with the smallest possible launching 
speed, the trajectory and the shooting range boundary are 
tangent to each other at the target’s position.



Idea 29
If it is asked to find the region in which a solution exists to 
a certain problem then the boundary of this region can 
often be found as a curve for which some discriminant 
vanishes.







Fact 8:
If the target is at the same level as the canon, the optimal 
shooting angle (corresponding to the smallest launching 
speed) is 45°.



Idea 30
For several problems of kinematics, geometric solutions 
making use of the properties of a parabola are possible.



Fact 9
- Each parabola has a focus: if the parabola reflects light, 
all those rays which are parallel to the symmetry axis are 
reflected to the focus

- Fermat’s principle: the distance to the focus plus the 
distance to the infinitely distant light source are equal





Idea 31
To find a minimum (or a maximum), we have to vary 
parameters by infinitesimally small increments and see 
what happens to the quantity of interest. If it increases 
for all allowed variations, we have found a minimum.

Idea 32
Integral of motion (quantity which is conserved)
1

2
𝑣2 + gh = constant







Fact 10
If a function f(x) has a minimum or maximum at x = 𝑥0
then for small Δx from 𝑥0, the variation of the function Δf
= f(x+ Δx) – f(x) remains quadratically small and can often 
be neglected

Fact 11
As it follows from the vector addition rule, if the 
difference of two vectors of equal moduli is very small, it 
is almost perpendicular to each of them





Rigid Bodies, Hinges, and Ropes



Idea 33

Motion of a rigid body can be considered as 
rotation about an instantaneous axis of 
rotation with a certain angular speed.



Reconstruct Center of Rotation
From the directions of velocities of 
two points and these directions are 
not parallel – where perpendicular 
lines drawn from these points 
intersect

From the velocities of two points, and 
the vectors are parallel and 
perpendicular to the line connecting 
these points – the intersection of the 
line connecting the points and the line 
connecting the tips of velocity vectors









Definition 4
Angular acceleration is defined as the time derivative of 

angular velocity, Ԧɛ = 
𝑑ω
𝑑𝑡

.



Fact 13
If the rigid body is rotating about a fixed axis then the 
acceleration of any of its points has two components: 

centripetal acceleration, ω2r = 
𝑣2

𝑟
, and tangential 

acceleration, ɛr.
𝑣2

𝑟
can be used for acceleration of a point along a curved 

trajectory (r is curvature radius).







Idea 34
For kinematics problems, often the tangential 
acceleration is not known initially, but the rotation speed 
is known and hence, the centripetal acceleration can be 
easily calculated.

Idea 35
Since the distance between any two points is fixed in a 
rigid body, the projections of velocities of both points on 
the line connecting are equal.







Idea 36
Problems involving spools and ropes can typically be 
solved by writing down the “rope balance” equation.

- Relate the rope unwinding rate to the velocity of the 
spool

Idea 37
- Draw two very close states of the system and examine 
the change in the quantity of interest







Idea 38
If parts of a system are connected by some ties with 
fixed length then one way of calculating velocities and 
accelerations is to write out this relation in terms of 
coordinates and take the time derivative of the whole 
expression.







Miscellaneous Topics



Idea 39
Continuity law: If there is a stationary flow of something 
and we consider a certain region of space, the amount 
that flows in, flows out







Idea 40
In cases involving moving objects and medium 
(air, water):

- Moving objects leave trails

- If objects meet, the meeting point corresponds 
to an intersection of the trails







Idea 41
Sometimes it is useful to include a time axis in addition to 
spatial coordinates and analyze three dimensional graphs 
for a planar motion.

- 3 points always lie in a plane

- A straight line and one point determine a plane (unless 
the point is on the line)







Idea 42
Sometimes it is useful to consider instead of a single 
particle, a fictitious ensemble of auxiliary particles.







Idea 43
For some problems, the main difficulty is understanding 
what is going on; once you understand, the calculations 
are typically quite easy.

- Keep your mind calm: in physics competitions, you are 
not asked to do something impossible







Idea 44
Wave propagation problems can be often analyzed using 
wave vectors: a sinusoidal wave a(x, y, z, t) can be 
represented as sin(𝑘 Ԧ𝑟 - ωt).

𝑘 Ԧ𝑟 = 𝑘𝑥x + 𝑘𝑦y + 𝑘𝑧z

- Wave’s propagation speed: v = 
ω

𝑘







Idea 45
Well-known conservation laws are the ones of energy, 
momentum, and angular momentum. Some additional 
quantities can be conserved, which makes otherwise 
mathematically very difficult problems easily solvable.

A non-trivial conservation law is likely valid for a problem 
if you understand clearly that the difficulty is 
mathematical and you have differential equations at hand.






