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The motion of 180 0 domain walls in uniform dc magnetic fields 
N. L. Schryer and L. R. Walker 

Bell Laboratories. Murray Hill. New Jersey 07974 
(Received 29 April 1974) 

The equations of motion of a 1800 domain wall in an infinite uniaxially anisotropic medium which is 
exposed to an instantaneously applied uniform dc magnetic field H 0 have been integrated 
numerically. Below the critical field He = 27ruM 0 (u is the Gilbert loss parameter and M 0 the 
saturation magnetization). where a steady-state solution is known to exist, it is shown that the wall 
motion tends smoothly to this solution. Above H" the magnetization precesses about the field' and a 
periodic component appears in the forward motion of the wall. Analytic solutions for the wall 
motion have been found based upon approximations suggested by the computed behavior; these 
reproduce the computer results very accurately. 

I. INTRODUCTION 

The exact integration of the equations of motion of a 
domain wall presents great difficulties, even when the 
most idealized cases are considered. This is attribut
able in the main to their nonlinear character. Of all such 
problems, the Simplest is to find the subsequent motion 
when a uniform dc magnetic field is applied along the 
symmetry axis of an infinite uniaxial medium containing 
a single 1800 domain wall. Here, in the absence of 
boundaries ,one has a case in which there are only two 
independent variables, the time and the coordinate 
normal to the wall. More precisely, one may choose to 
consider such a case, tacitly assuming that the wall is 
stable against any transverse disturbances. In suffi
ciently weak fields one knows that the wall will move 
normal to itself at a uniform velocity, proportional to 
the applied dc field and inversely proportional to the loss 
parameter. In this motion the magnetization vector con
tinues to lie, in a zero-order approximation, in the 
plane normal to the direction of motion just as it did in 
the resting wall. It is also known that in ;PPlied fields 
Ho less than a certain critical value He ::: 21TO!Mo' where 
Mo is the saturation magnetization and {t the Gilbert loss 
parameter, there exists a certain exact solution of the 
equations of motion. l In this solution, the magnetization 
lies, at every point, in a plane through the symmetry 
axis which makes a fixed angle with the original normal 
to the wall. The wall motion is still in this latter direc
tiOll:. The functional dependence of the angle between the 
magnetization and the s'ymmetry axis upon the distance 
measured in the direction of travel remains of the same 
form as in the resting wall. The scale of lengths, how
ever, contracts in the mOving wall. The whole solution 
corresponds to motion at a constant velocity without 
change of shape. The velocity is no longer proportional 
to Ho and, indeed, passes through a maximum before Ho 
reaches He' At He the magnetization lies in a plane 
making an angle of 45° with the direction of motion. In 
higher fields the consistency conditions for the existence 
of this solution can no longer be satisfied. As one might 
expect the static wall solution corresponds to the limit 
of this family of solutions as the applied field goes to 
zero. 

The mere existence of an exact solution to the equa
tions of motion provides no guarantee that such a solu
tion will be obtained, asymptotically or otherwise, under 
normal conditions of excitation. In particular, one does 
not know if this solution will be approached when a uni-
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form dc field is applied in some manner to a resting 
wall. The situation then suggests two interesting prob
lems. The first is to examine the motion when a uniform 
dc field less than He is applied, suddenly or progres
sively, to see whether or not it tends to the special 
solution. If it, in fact, does so, what determines the 
rate at which it assumes this particular form? The 
second is to find out what occurs when Ho > He and the 
special solutions are no longer available. The present 
paper provides an answer to these questions by com
puter solution of the equations of motion. Study of the 
solutions obtained then suggests suitableapproxima
tions to make on the equations of motion which allow 
analytic expressions to be developed for the motion, 
with well-defined limits of validity. 

At the outset it was not at all clear how much could 
be accomplished with the computer simulation with a 
reasonable investment of effort. The numerical integra
tion of the equations of motion presented in itself an in
teresting and difficult problem. It quickly became ap
parent that unless the character of the motion was rea
sonably simple, the integration would not be economi
cally feasible. Since there are a number of parameters 
in the problem, which appeared initially to be substan
tially independent, it seemed likely that only a rather 
limited amount of information would emerge from the 
calculations. Fortunately, these discouraging prospects 
were not realized. The general character of the motion 
turns out to be rather simple, even in fields greater 
than He' for a wide range of parameter values, which 
seem to cover most cases of interest. The fact that the 
results of the computer calculation can be reproduced 
by the analytic methods mentioned earlier, and that the 
range of validity of such methods is then predictable, 
makes it unnecessary to put all interesting cases on the 
computer. 

II. THE PROBLEM 

We consider an infinite medium, whose magnetization 
at any point is M, where IMI =Mo, a constant. The 
medium is to have a uniaxial crystalline anisotropy en
ergy. The symmetry axis, which is an easy axis, is 
taken to be the z axis of a Cartesian system (see Fig. 
1). The energy denSity associated with the anisotropy is 
-KM:/~. The exchange energy density is written in 
the form 

Copyright © 1974 American Institute of Physics 5406 
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z 
M 

x 

FIG. 1. 'Cartesian and polar coordinate systems used in the 
general discussion of domain wall properties. The coordinates 
used in numerical work shown in Fig. 17. 

It will be assumed that M is a function of x alone, so 
that this exchange term takes the form (A/M~) I aM/axI 2

, 

and the demagnetizing field is 47TM,.. There is thus a 
magnetostatic energy density, 21TM!, and, in the pres
ence of a uniform dc magnetic field H~ applied along the 
z axiS, a Zeeman energy density, -HoM«. The total 
energy per unit area (in the yz plane), {~ is then given 
by 

If M is referred to a polar coordinate system with the 
z axis as pole and cP measured from the axis, {takes 
the form 

C = f: {-HoMo cos9+ 27T~sin29cos2cp -Kcos2 9 

+A[e:r +sin2ge:Y]}dX. 

It will be assumed that the damping term has the 
Gilbert form, yielding a contribution to the effective 
field equal to {al Mo"l)dM/ dt. The equations of motion 
are now, in these polar coordinates, 

(1) 

where "I is the gyromagnetic ratio (a negative quantity). 
We recall that a static wall (with Ho = 0) has cP =± hand 
In tan1-9 = (KIA)1/2x, if we take 9-0 as x- _00. It will 
be convenient henceforth to measure x in units of 
(AIK)1/2 or to replace x by (KIA)1/2x in the equations of 
motion. This is readily seen to have the effect of re
placing A by K wherever the former occurs. It is useful 
to record an equation for the energy balance which is 
implied by the equations of motion. This reads (in the 

. original x notation) 

aMo •• a ( 
- -"1- (sin29cp2 + 62) + at - HoMo cos9 + 21T~sin29 cos2 cp 
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_KCOS29+A(~:y +Asin29(~:) 2 

a • 
- a?2A{99,. + sin29cpcp)] = O. (4) 

The first two terms are the diSSipation per unit length 
and the rate of change of the energy density; the third 
must therefore be the space rate of change of the power 
flow. Since the exchange supplies the coupling, it is re
sonable that it alone determines the power flow. 

The class of exact solutions mentioned earlier, 
valid for Ho < He = 27TaMo' found by assuming cp = CPo, in
dependent of x and t, and 9 to be a function of the vari
able x-vt alone, where v is a constant velocity 0 2 These 
assumptions are consistent with the equations of motion 
provided that the following relations hold3

: 

sin2CPo = Ho/2a7™o = Hoi He' (5a) 

In tan1-e = [1 + (21T~oI K) coS2CPo)1/2(x - vt), (5b) 

(5c) 

where the positive square root is to be taken if 9 - 0 as 
x - - 00. CPo has two solutions, of the form, ± 1-7T -1- sin-1 

(HoI21TaMO) , with the arcsine taken in the first quadrant. 
The functional form of e is that of the resting wall 
[which is a particular case of Eqs. (5)] but the scale of 
length is changed and the width is reduced by a factor, 
[1 + (21T~oI K) coS2cpO]-1/2. It is clear that Eqs. (5) can
not be satisfied if Ho > He. In Fig. 2, vi ve {where ve is 

1.6 r-----------------------, 

1.41=="'----__ 

~ > 0.8 

0.6 

0.4 

0.2 

1.0 

HO/Hc 

FIG. 2. vlve, HoIHe for the stationary solutions, where v and 
He are the critical values plotted for various values of 21TM~ 
K. A typical orthoferrite has 1. 6x 1O-4~ 0, for YIG its value is 
21. 
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the velocity at Ho = He> is shown as a function of Hoi He' 
for various values of the parameter 27T~/K. It will be 
noted that v passes through a maximum for some Ho 
< Jlc ' This field satisfies (Ho!He)2=4(p + 1)1/2[2 + P + (p 
+ 1)1/2], where p = 2df201K, and the locus of the maxi
mum is (v/ Ve)2 + (Hoi He)2 :::: 2. The apparent singular be
havior near HoIHe:::: 1 will be seen later to be actually 
merely a consequence of the choice of abscissa in this 
plot. For orientation, it may be remarked that 27TMloiK 
is about 21 for a material like YIG. 

The relation between the width (or inverse scale of 
the wall) and its velocity is a particular case of a quite 
general relation for steadily moving solutions: 

v=~ - - dx . 27TyH V-..... 1 1 dM 12 )-1 
a ... ~ dx 

This may be deduced directly from the. equations of 
motion or from (4). The solutions described by (5) 
possess another property which has considerable re
levance for the general behavior of the motion. At a 
fixed value of x, they imply that 

(6) 

In tan! 9= (- yHo/a)(to - t), (7) 

where to is a constant. The rotation of the magnetiza
tion thus takes place at a rate which depends only upon 
Hoi a. It follows that if one of these states is established, 
the only relevant time scale will then be a/II'I Ho. 

III. GENERAL REMARKS 

In this section the calculations and the evolution of the 
results will be discussed in a rather general way. 
Specific data will be shown in Sec. IV. An account of the 
numerical methods used is given in some detail in the 
Appendix. 

The chief problem involved in an integration of the 
equations is that of determining the relevant time 
scales. It has already been remarked that the width 
parameter {A/K)1/2 of the resting wall seems a suitable 
primary choice for a unit of length. This is confirmed 
by the steady solutions, since the factor [1 + (27TMloi 
K) cOS2CPoJl/2 is never unreasonably large. Since one ex
pects the moving wall probably to consist of an active 
moving region sandwiched between two stagnant ones, 
the program will have to follow this central region in de
tail. It will, therefore, have to make adjustments in its 
length scale as the motion progresses. One cannot, of 
course, rule out in advance the possible development of 
a wake. In fact, this does not seem to occur and this is 
one of the most important factors in making the in
tegration tractable. It was by no means clear what the 
relevant time scales would turn out to be. One can form 
three times from the Zeeman, magnetostatic, and 
anisotropy fields and double this number by introducing 
the dimenSionless a. It has been noted that for the 
steady solutions, a/lylHo is. the only relevant time, but 
it seemed quite possible that all manner of transient 
phenomena might occur on other time scales. The only 
reasonable procedure appeared to be to allow the com
putations to proceed at whatever rate was necessary to 
maintain some preassigned accuracy in the solution and 
to hope that this would not be prohibitively slow. 

Experience soon indicated that, in fact, any transient 
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effects occurring on a time scale short compared to 
a/I 1'1 Ho are of very small amplitude for a very wide 
range of input parameters. It is this fortunate develop
ment which makes the whole integration at all possible. 
The absence of perceptible transients extends to the 
shortest times. One might expect that the early stages 
of the solution would be sensitive to the exact way in 
which the applied field was turned on. The somewhat 
drastic step of applying the full field instantly in the 
first calculations showed that this produced no observ
able high-frequency transients, and this procedure has 
been used in almost all cases. It may be remarked that 
experience indicates also that the final state of motion 
is independent of the way in which the field is brought up 
to its full value. None of these observations should be 
understood to mean that there are literally no transient 
effects. A close examination of the output data may show 
that in certain cases, when the dominant features of the 
motion are extracted, there exist small systematic 
components close to the error bounds of the calculation. 

The first runs were made for a YIG-like material 
with 47TMo=1700 Oe, 2K/Mo=80 Oe, and a =0.01 for 
which He is 8. 5 Oe. The application of fields far below 
He caused no transients, the magnetization turning 
smoothly with time, uniformly throughout the wall. The 
latter simultaneously narrowed. As time progressed, 
all the wall parameters approached limiting constant 
values; these values were all in excellent agreement with 
the predictions of Eqs. (5) for the relevant steady solu
tion. As the applied field used in successive runs was 
increased towards He' the regular behavior of the solu
tions was maintained. In all cases the conditions of the 
relevant steady solution were eventually attained with 
no oscillatory behavior. The agreement of the limiting 
wall parameters with those of the steady solution was 
extremely close. The field could be turned off after 
substantial equilibrium was reached and the wall would 
then coast back to its resting configuration. The time 
required to attain substantially the steady solution 
values increased steadily with Ho' becoming very long 
as He was approached. For all these cases, during the 
steady acceleration, the angle cP stayed essentially in
dependent of x, with variations of a degree or two. At 
the same time the shape of the wall continues to be des
cribed by the relation -In tan! 9 equals a linear function 
of x. The wall contracts monotOnically as time passes. 

The remarkably simple and uniform nature of these 
results suggested looking for analytic solutions of the 
equations of motion which incorporate the two salient 
features-cpindependent of x and Intan!9=a(t)[x-b(t)J. 
These solutions will be discussed in Sec. V, where it 
will be shown that they hold self-consistently under 
certain well-defined conditions. These conditions are 
met for the regime we have just diSCUSSed, and the 
analytical solutions agree very well with those of the 
numerical integration. Such solutions have been given 
independently for the subcritical regime by Bourne and 
Bartran. 4 These authors shrewdly assumed solutions of 
the form we have found to hold and deduced the motion 
from this. They then wrote down conSistency conditions. 

The next step was to apply fields greater than He' 
Here, again, cp and In tan! 9 showed the same sort of 
x dependence as before. cp now passed through the crit-

N.L. Schryer and L.R. Walker 5408 
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v - 300 15 ---------
14 

200 13 

1.5 Y. He.= 8.5 Oe 

0=0.01 V 12 

Ho=6.0 Oe 

4> 100 11 W 
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\ 0 9 
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1.3 \ 
\ W 8 

\ ' ..... -
\ -------

4>\ 7 

1.2 
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..... --
0 0.02 0.04 0.06 

T 

FIG. 3. Wall angle cp, velocity v, and reduced width w for YIG, 
with loss 01 = O. 01 and a subcritical field of 6 Oe (He = 8.5) as 
functions of time. All resting walls have, by convention, W 

= 15. 2. The dotted portions of the curves have the time scale 
compressed by a factor of 10. 

ical angle of 45° and continued to decrease. Shortly be
fore this, the wall velocity-defined as the velocity of 
the point at which e = 90°-had passed through a maxi
mum and was now decreasing. By extending the pre
viously found analytical solutions to the case Ho> He' it 
was possible to make a tentative prediction about the. 
future stages of the motion, namely that qJ would con
tinue to decrease indefinitely. This was valuable be
cause the program as developed up to this point now 
began to have difficulty in tracking the wall. It becomes 
necessary, when qJ changes a great deal, not only to 
move and to adapt the width of the "window" through 
which the center of the wall is viewed but also to rotate 
the polar coordinate system. 

The use of a rotating coordinate system now enabled 
the program to follow smoothly the whole progress of 
the wall in this regime. The motion has the following 
character: The position independence of qJ and the linear 
dependence of In tan~ e upon x are substantially pre
served throughout the motion. To within the accuracy of 
the calculation, the motion of qJ is periodic. qJ changes 
from 90° to - 90° and at the later time the wall has re
turned to rest with the normal e variation of a resting 
wall. In other words, the wall has changed from a left
handed to a right-handed one. In the next cycle qJ goes 
from - 90° to - 270° and the original state of affairs is 
restored. The wall accelerates rapidly to a maximum 
velocity, then rather gradually slows up; it then de
celerates rapidly, reverses its velocity and for a brief 
period achieves a maximum negative velocity approxi-
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mately of the same magnitude as its maximum positive 
velocity. It then speeds up again to pass quickly through 
zero at the end of the half-cycle. The total retrograde 
motion of the wall is small compared to its positive dis
placement in a half-cycle, The wall contracts rapidly 
at first, then more slowly and is a minimum when the 
velocity is going from positive to negative. The exact 
form of the time dependence of qJ, the velocity and the 
width depend quite markedly upon the parameters of the 
medium, reflecting the interplay of various types of 
stored energy, but the features mentioned above are 
common to all cases. In some cases solutions have been 
followed through five half-cycles after which the vari
ables have returned to their original values to within the 
small computational error. This is a strong indication 
that the solutions are genuinely periodic. The analytic 
solutions, which again provide an excellent description 
of the results, are, in fact, strictly periodic. 

IV. NUMERICAL RESULTS 

In this section the results of a number of typical in
tegrations will be given. The time is measured in all 
cases in the unit used in the program which was 5. 68 
X 10-8 sec = I 'Y 1-1 x (1 Oe)-1. The "width" and the "veloc
ity" are necessarily somewhat arbitrary. They are 
exactly defined in the Appendix. They may be qualita
tively described in the following way: Points are iden
tified on each side of the wall at which the departure of 
e from its resting value is equal to some small pre
assigned value. The distance between these points is 
the width, the velocity of the left-hand or trailing point 
is taken as the velocity. This convention causes all 
resting walls to have a width w=15.2. Obviously, these 
definitions are resonable only in the light of experience 
which shows that the wall retains the same shape 
throughout and that the neglect of the rate of wall con
traction or expansion compared to the velocity of the 
center of the wall is justified. Figure 3 represents re
sults obtained for the YIG-like material mentioned 

O~--------------------------------, 

-1 Y. Hc=8.50e 
0=0.01 

T R =0.059 
-2 

~o. -G-
I 

I:: IN -3 

c: 
~ HO'6~~ -4 

-5 "'-. ~ "'-, 
-6

0 0.1 0.2 0.3 

T 

FIG. 4. In(!7r- cp) vs time for the case of Fig. 3 showing the 
substantially logarithmic decay with time constant T1/.' 

The solutions were run to equilibrium before the field was 
turned off. 
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FIG. 5. cp, v, and w vs T for the same material as in Fig. 3 
with the field increased above He to 10 Oe. One complete 
half-cycle of the motion is shown. 

earlier. The field is 6 Oe, which is below He (= 8 . 5 Oe). 
The time variation of rp, w (the width), and v (the veloc
ity) are shown. The dotted portions of the curves cor-

1100,.--------------------, 

BOO 

700 
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Y. He= B.5 Oe 

500 a:O.OI 
Ho= 10 Oe 

400 
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T 

FIG.
T
6. The integrated motion oUhe wall shown in Fig. 5. 

%=fo vdt'. 
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Y. He=0.B5 oe 
-100 a=O.OOI 
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T 

FIG. 7. v vs T for three half-cycles of the periodic motion. The 
material has the same Mo and K as that of Figs. 3-6, but the 
loss is reduced by a factor of 10 to 01 = O. 001. The applied field 
is scaled down by 10 from Fig. 5. The resultant motion dupli
cates that of Fig. 5 on a time scale expanded by a factor 10. 

respond to a time scale 10 times greater than that used 
for the solid portions. The behavior shown is typical of 
almost all sub critical cases, with each variable tending 
monotonically to the appropriate values of the associated 
steady-state solution. There is a minor departure from 
this rule when Ho exceeds a particular value which 
depends upon 21TWoIK; in such cases the velocity passes 
through a single maximum and then declines to its 
equilibrium value. The most,noticeable difference in the 
behavior for various Ho is that the time scale increases 
steadily as Ho approaches He' 

In Fig. 4, applied fields of 6 and 8 Oe have been 
initially! applied and the solutions run to equilibrium 
after which tlie fields were turned off. The wall then 
coasted to rest and the figure shows the late stages of 
decay of the rp displacement. The decay is approximately 
logarithmic and the decay constant is independent of 
initial conditions. Other parameters remaining fixed, 
the decay constant was shown in further runs to be 
inversely proportional to a. 

The result of applying a field in excess of He to the 
same medium is shown in Fig. 5. Ho is now 10 Oe. The 
wall accelerates to its maximum velocity in almost 0.1 
time units and simultaneously contracts to about 40% of 
its resting width. The turn angle is roughly 0.5 rad in 
this time. From 0.1 to O. 5 time units, the wall slows, 
with the deceleration increasing rapidly in the latter 
part of this phase. The width still decreases but less 
rapidly than before. It minimizes at 0.5 time units, its 
value then being one quarter of its original value. The 
turn angle has meanwhile passed the critical angle of 
45 0 and has decreased to zero at the end of this phase. 
From 0.5 to 0.6 time units there is rapid sequence of 
events. The wall expands again and is back to its 
resting value at the end of this interval. The velocity 
becomes negative, passes through a large negative 
maximum, then increases rapidly to zero. The turn 
angle completes its motion through 1800

• Thus, after 
0.595 time units the original conditions are essentially 
reproduced except for the fact that the wall has turned 
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FIG. 8. cp and w vs T for YIG with CII = 0.03. Here the solution 
has been run to equilibrium at Ho= 24 Oe (}Ie= 25. 5 Oe) and the 
field then set to zero. The first part of the curves show the 
return to the resting solution. The wall is allowed to come fully 
to equilibrium (not shown) and the field is then returned to 
24 Oe. The second part of the curves shows the reestablish
ment of the moving solution. 

through 1800 and moved forward by some definite 
amount. A second cycle now begins which duplicates the 
first. Within the accuracy of the computation the motion 
appears to be strictly periodic. Figure 6 shows, for 
this case, the integrated motion of the wall. The in
tegrated reverse motion is small because of the small 
time spent in the retrograde part of the half-cycle. It 
is interesting to note that Slonczewski5 predicted, on 
rather general grounds, that the motion in high fields 
might be oscillatory. 

The above runs were repeated with the loss 0/ changed 
to 0.001 and it was found that if Ho was also decreased 
by a factor of 10, the results of earlier runs were 
duplicated exactly save for a dilatation of the time scale 
by a factor of 10. This holds for subcritical and for 
supercritical cases. Figure 7 shows the analogous case 
to that of Fig. 5 (0/ = 0.001, Ho = 1 Oe, He = 0.85 Oe), 
run over three complete half-cycles. If the loss is in
creased, the same type of scaling of Ho and time occurs 
over a limited range of 0/. Figure 8 shows a case with 
0/ = 0.03. Here the field has been turned on and then 
off; the plot omits a lengthy time with the field on in the 
middle of the run. Here the results can be scaled back 
to lower loss. With higher loss values the gross fea
tures of the solutions remain unchanged, with due al
lowance for scaling, but it is now possible to detect 
some additional features. Figure 9 represents the last 
stages of decay of a subcritical solution for 0/ = 0.1 
where the field has been turned off after first running to 
equilibrium. It is clearly possible to see an oscillatory 
component in the motion of the turn angle and in the 
width. It will be shown later that, for losses as high 
as 0.1 in the YIG medium, the conditions for the exis-
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FIG. 9. In(t1f- cp) and w vs T. The material has the same Mo 
and K as in earlier cases but the loss has been increased to 
0.01. The field was turned off after running to equilibrium in a 
subcritical field. The figure shows the late stages of decay to 
rest. There is clear evidence of small oscillatory components 
in the motion. 
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FIG. 10. cp and v vs T for material "0" in a subcritical field. 
The solution was first run to equilibrium (not shown) with Ho 
= O. 55 Oe, then the field was turned off and after the wall had 
come to rest, turned on again with Ho= O. 55 Oe. w is not 
shown for these cases since it is substantially unaffected by the 
motion. 
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FIG. 11. In(!1T- rp) vs T for material "0" after a subcritical 
field has been applied until equilibrium has been reached and 
then turned off. The decay of the solution to rest is shown. 

tence of the well-behaved solutions observed at lower 
losses no longer hold. 

Another medium has been considered which has much 
smaller demagnetizing fields and a very much larger 
anisotropy. 41TMo was taken to be 110 and KIMo to be 
7 x 104

• These values are those of an orthoferrite with 
the in-plane anisotropy removed. This material will be 
referred to as "0". Despite these great changes, there 
is no radical change in the behavior of the wall. The 
solutions with constant cp and the normal wall profile 
are still observed for both sub- and supercritical fields. 
In the former case the steady solution is again the limit
ing state after long times and in the latter the periodic 
motion with complete precession reappears. The param
eter 21TMlIoiK is now extremely small and, in conse
quence, the wall thickness changes only slightly under 
all conditions. In Fig. 10 a subcritical case is shown. 
Here the solution has first been run to equilibrium (not 
shown); the field is turned off at zero time, the wall 
coasts to rest, and the field is turned on again. The loss 
param·eter is 0.01. Figure 11 shows the approximately 
logarithmic decay of a solution and in Fig. 12 a periodic 
solution is indicated (a=O.OI, He=0.55 Oe, Ho=0.6 
Oe). Note that, although the gross features of this 
periodic solution are the same as in the earlier ones, 
the detailed shape is quite different. The interplay of 
the different kinds of energy storage in the wall, thus, 
affects substantially the actual time development, 
witpout altering its over-all character. Runs with other 
values of a show the same scaling effects observed in 
the case of YIG. 

V. ANALYSIS 

The clear conclusion to be drawn from these numeri
cal experiments is that, for some sets of material 
parameters and for some range of loss parameters, 
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there exist transient solutions for which cp is substan
tially independent of position and 9 has the same func
tional dependence upon x as in a resting wall. Further, 
where steady-state solutions exist, these numerical 
solutions tend towards them; where they do not, a peri
odic motion ensues with the magnetization precessing 
about Ho. There appears in addition a regular scaling 
with a, such that solutions with Hoi a having the same 
value are identical save for a variation in the time scale 
as a- l

• Once again it is to be stressed that these state
ments are grossly true; they do not preclude the exis
tence of small components of the motion superimposed 
on the main trend. Furthermore, they are strictly 
verified only for the cases we have examined. It will 
now be shown that given such a clear lead from numeri
cal experiment, one can predict under what circum
stances such solutions can be expected to be valid. 

Returning to the equations of motion (3) one may 
introduce the quantity j = In tan~9 directly, since 
experiment shows its importance. One now has 

j - a q, = 41TyMo sincp coscp 

+2Ky (rfJocp _2tanhjdCPdf) 
Mo \tWI dx dx ' 

cpo + (lifO = 'VB _ 2Ky !2.. 
'0 Mo dx2 

(the x here is the dimensionless variable introduced 
earlier.) Experimentally one has solutions 
approximately of the form 

(8a) 

(8b) 

cp = cp(t) , (9a) 

60 
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-1.5 
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T 

FIG. 12. rp and v vs T for materiaI."O" in a field above He' 
The solution although periodic differs in detail from that shown 
for YIG in Fig. 5. 

N.L. Schryer and L.R. Walker 5412 

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  128.220.160.158 On: Wed, 26 Oct 2016

19:50:50



In tantO= f= c(t)[x - d(t)}. (9b) 

The instantaneous width of the wall is proportional to 
dO-1 and the "velocity" is d(t). (9a) and (9b) imply 

dcp =0 
dx ' 

j= ~(t)[x - d(t)} - c(t)d(t) , (10) 

df = dO fldrJ2.2 = 0 . 
dx ';v 

Now assume that 

One is now left with the equations 

(1 + a2)~(t) =yHo - a 41TyMo sincp coscp, 

(1 + a 2){c(t)d(t) - c(t)[x - d(t)}} 

= ayHo + 41TyMo sincp coscp, 

(11) 

(12a) 

(12b) 

obtained by eliminating first j, then ~, between the 
earlier equations. Now, as it stands, (12b) can~ot hold 
since the left-hand side is a function of x, while the 
right-hand side is not. Consistency can only be achieved 
if the offending term c(t)[x - d(t)} is small comp:;l.red to 
c(t)d(t). This property is one which can be verified (or 
not) in a specific case. If solutions can be found for the 
equations which result when this term is dropped, they 
may be examined to see whether the neglect was justi
fied. Below, some attention is given to formulating a 
criterion for the property to hold. It is perhaps worth 
noting that the presence of x, an unbounded quantity, in 
a supposedly small quantity is not unduly alarming, 
since, when x - d(t) is large, one is in a region where 
nothing has yet happened or everything has passed and 
c(t) will be minute. 

cp(t) is now determined from Eq. (12a), where, in 
principle, Ho could be any function of t. dt) follows 
from (11) in the form 

C(t)2 = 1 + (21T~/K) cos2cp(t) 

and the velocity v(t), defined as d(t), is given by 

(t) _ ayHo + 41TyMo sincp(t) coscp(t) 
v - (1 + a2)c(t) 

(13a) 

(13b) 

An interesting and gratifying property of the solutions of 
Eqs. (11), (12a), and (13) is that they satisfy identically 
the energy balance equation (4), as one may verify by 
direct substitution. It might have been expected that 
this would be nearly true, but it is not obvious that it 
should be exactly so. 

Equation (12a) is readily integrated when Ho is a con
stant or assumes various constant values in different 
time intervals. For the case in which the wall is ini
tially at rest with cp == 90° and the field is turned on in
stantaneously at t = 0, one finds, for Ho < He' the result 

tancp(t)==!: -(~-1) 1/2 coth Y':1:ro)1/2t , (14) 

and for Ho > He 

tancp(t)=~- (1_~)1/\ot y(m - ~)1/2t. (15) 
Ho m l+a 
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For Ho=He 

tancp(t) = 1 - (1 + a 2)/YHet. (16) 

When an initially steady solution has its field suddeniy 
removed, cp(t) returns to 90° following the relation 

tancp(t) = tancp(O) exp2yHet. (17) 

The unwieldiness of the final expressions makes it 
pointless to write out dt) and vet) explicitly for these 
cases. 

A few remarks may be made about these solutions 
before comparing them with the data. As noted earlier, 
the sub critical result coincides with that given by 
Bourne and Bartran4 who did not extend their result to 
Ho > He. The subcritical result is easily seen to reduce 
at long times to the exact steady solution. It approaches 
this in a more or less exponential fashion with time con
stant (1 + a2)/2y(~ - m)1/2. The supercritical solutions 
for cp(t) are strictly periodic with a half-period 1T(1 
+a2)/lyl (!Pa_~)1/2, The characteristic times become 
indefinitely long when Ho - He. Note that when Cl

2« 1 , 
Eq. (13) for the velocity can be written as 

(t)-~ sin2cp(t) (18) 
v - a [1 + (21T~/K) cOS2cp(t>JI/2 • 

This implies that the variation of v with time can be ob
tained from the steady-state solution curves in Fig. 2 
if one replaces Hoi He by sin2cp(t). One can see now that 
the Singular nature of the v/ ve versus Hoi He curves 
near He is effectively removed in the time domain by the 
(m - ~)1/2 distortion of the time scale, It is also plain 
that, if Ho exceeds the value at which the maximum 
velocity occurs, the transient velocity will also pass 
through a maximum before leveling off. When a2 « 1 it 
is evident that the scaling prinCiple observed to hold 
for the computer solutions is implied by the analytical 
ones. Since He a: a, scaling Ho as a and t as a-I leaves 
these solutions unchanged. It may be noted that Eq. (13) 
for the velocity implies an instantaneous jump in the 
value of vet) at t=O, if Ho is turned on instantaneously, 
of magnitude alylHoI(l +a 2), For the small values of 
a we have used, this is a very tiny effect. Some runs 
were made with CI close to unity and Ho« He [we show 
below that Eq. (13) should hold for such cases}. The 
field was turned on at different rates and Eq. (13) was 
still obeyed with Ho now a function of t. There is here 
a specific phYSical effect. If the field is turned on in a 
time short compared to the time constant of the turning 
(cp -) motion, (1 + Cl 2)/21 yl (~- !Pa)l/2, the wall first 
accelerates, following the field, to the value Cli yl Hoi 
(1 + Cl

2
) without change of configuration, after which the 

cp - motion comes into the picture. 

In Figs. 13-16 the motion calculated from these 
analytical'solutions is compared with the computer re
sults for some typical cases. The first graph represents 
a subcritical case for YIG, CI =0.01, Ho == 6 Oe, He == 8. 5 
Oe, and the solid dots represent pOints calculated from 
the analysis cp and v. From Eq. (11), w-2 should be 
linear in cos2 cp and Fig. 14 shows that the computed 
pOints satisfy this relation. The observed slope of the 
line is compared to the value of 22.5 for 21TM201 K in 
this case. Figure 15 represents the situation with Ho 
== 10 Oe in the same material. The agreement of the 
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FIG. 13. The solid curves represent the computer solution as 
shown in Fig. 3. The solid dots are points evaluated from the 
analytic solution. 

He = 8.5 oe 
a =0.01 

Ho' 6 Oe 

I 
0.4 

FIG. 14. (wolw)2 VS cos2cp. The solid dots are taken here from 
the computer solution. The analytic solution predicts the ob
served linear relation. The case shown is that of Fig. 3 and 
the solid line has the slope, 21TMW'K (= 22.5 for this case). 
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analytic and computer values for cp and w is excellent; 
for·v the general agreement is good, but the earlier 
half of the cycle shows some discrepancy. Finally, in 
Fig. 16 a supercritical (material "0") case is indicated. 
Here, again, the agreement is excellent, which shows 
that the analytic expressions are able to account for the 
substantially different shapes of curve in theYIG and 
material "0" . 

The average velocity of the wall in supercritical fields 
may be expressed from (11)-(13) in the form 

v i"i(IPo-1Pq)1/2 
11(1 + 0'2) 

60 
2.5 ,..--.-.-. . ........, 

.\~ 40 
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• 20 
1.5 \ • • 0 V 

1.0 

~.~-. \1 cp -20 
0.5 cp ~. 
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0 \\1 o. He=0.55 Oe -60 
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FIG. 16. The material "0" solution (Fig. 12) in a field above 
He is represented by the solid line and the dots are points cal
culated from the analytic solutions. 
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XfO/2 (Y + (He/O'Ho) sin2cp dcp (19) 
-0/2 1-(H/Ho)sin2cp (1+pCOS 2cp)I/2' 

wherep is 2lT~/K. It may be noted that this is an 
elliptic integral, but its expression in terms of known 
funcHons is very involved. A very good approximation 
representing the first two' terms in an expansion in 
powers of [p(P + 2)],2 with 0'2 ignored compared to unity, 
is 

v _ e-9 r1 +~Lp_V(l_ e-29~l 
Ve - ~ 32\])+2) 7J' 

where cosh() = Ho/ He' The velocity therefore falls 
steadily with Ho at least up to many times He' 

We now return to the condition sufficient for the 
analytic solution to hold. We argue as we did earlier 
that it is only necessary to satisfy this condition in the 
center of the wall, which means I (x -d(t)] 1« 5. The 
justification for this is simply that, for I x - d(t) 1 as 
large as this, () is so close to 0 or 1T and {} so small that 
it is unimportant whether we describe its motion ac
curately or not. If we square the inequality, e(t) (x - d(t)} 
< c(t)d(t) , and make use of the postulated expressions 
for C(O, d(t), and cp(O, we require 

[x _ d(t)]2 (2lTWg/ K)2 cos2cp sin2cp 
1 + (27TM~/K) cos2cp 

x f Ho - 40' 7TMo sincp cos cp f 2« f 0' Ho + 47TMo sincp cos cp f 2. 

It is apparent that this inequality cannot be satisfied for 
certain values of cp. There is a small range of angles 
(assuming a to be small) for which O'Ho + 4lTMo sincp coscp 
- O. Outside this range it is a reasonable approximation 
to replace the right-hand side by 1 47TMo sincp coscp) 12 , 
and we require 

f x- d(t)f a 7T;? I~ -sin2CPl «1 
e 

and this is true if 

27TO'Mg « {'[~ 
2K/Mo He 

}

_1 
2 1/2 • 

+ 1J I x - d(t) I (20) 

Since we have replaced the initial inequality by some
thing more severe, we might expect the true restriction 
on 27TO'Mo(2K/Mo)-1 to be less severe. than the above ex
pression indicates. In a qualitative way we see that for 
the analytic solutions to be valid, we are asking that He 
be small compared to the distant anisotropy field. We 
can also write the condition as 0' «(2K/Mo)(2lTMo)-I. For 
the YIG-like material 2K/Mo is 80 Oe and 27TMo is 850 
Oe, so we require (Y « 0 .1. This is in reasonable agree
ment with the results found here since the analytic solu
tions are very good for 0' == 0.001 and 0.01 but show 
some signs of deterioration at 0' = 0.03. Obviously when 
He is comparable to the anisotropy field, there will be 
difficulties when Ho is comparable with He' For if Ho 
exceeds the anisotropy field, the original resting wall 
state is not a static minimum energy configuration. 

To show that cases exist for which the criterion (20) 
is unnecessarily severe, consider first that a field Ho 
is applied which is small compared to He' The equilib
rium solution will have cp not very different from ~7T. 
Put cp=ilT-€, where € is small. Then, from (12), 
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_J!.SL (1 2YHct) 
€ 2H - exP 1 +(y2 . 

e 

From (10), 

C(t)2 = 1 + {2lT~/ K) cos2cp -1 + (27TM2o/ K)€2 

or, 

( ) 2lT~ ( Ho\ 2(1 2yHct \ 2 
c t -1 + 2K 2He / - exp 1 + O'2) . 

Then, after differentiation, 

, ·(t) ,- 27T~ (.!!JL)2 21 ylHc t (2YHet )_ exp{j.YHc t )] 
c K 2H 1 + 0'2 exp 1 + (Y2 \1 + a 2 

e 

!. 2lT~ (!!SL) 2 21 y 1 He 
< 4 K 2Hc 1 + (Y2 

111 1 ~ =4" y '(Y(1 +(2 ) 2K/Mo . 

Now, if we take account of Eq. (12b) it is clear that we 
need to compare I c(t)[x - d(t)] I with 

I (ayHo + 47TyMo sincp coscp)/ (1 + ( 2
) I . 

The latter is given by 

(1 + ( 2)-1 I [aYHo + 47TyMo -1ft (1 - exp ~':;~) J , 
and we require 

I )1 H 2yHt t x-d(t ~«a2+1-expU? 

Chikazumi6 has considered a problem to which the above 
considerations are relevant. He treated wall motion in 
a material resembling iron, which was assumed, how
ever, to have a uniaxial anisotropy. With the values 
which he used, 4lTMo=2.15x104 Oe, a =0.8, 2K/Mo 
= 493 Oe, and Ho = 10 Oe, one finds in the criterion just 
derived 

Ix-d(t)1 «1 64- 2yHet 
200 . exp 1 + a 2 . 

The criterion is clearly satisfied for all relevant x 
- d(t), but the earlier relation (20) is certainly not. 
Note that in this case He - 8000 Oe. We have integrated 
this case numerically and found that the solutions do 
indeed follow the analytical expressions closely. 

In this paper only the case of uniaxial anisotropy has 
been explicitly considered. Thiele7 pointed out that the 
analysis which led originally to the steadily mOving 
solutions could be generalized. In particular, the ad
dition of an in-plane anisotropy term of the form (K' / 
~)~ to the energy is readily taken into account since 
it simply changes 27T into 27T + K' /Mg. The form of the 
steady solutions, the critical field He' and the criterion 
for these solutions to be attained may all be derived by 
means of the above substitution. A case of some interest 
is that of an orthoferrite, which is essentially our 
material "0" with an additional in-plane anisotropy such 
that K' - K. We have made a small number of runs for 
such a material m sub- and supercritical fields. The 
results were in agreement with the prediction, made on 
the basis of a suitably modified Eq. (20), that the 
analytical solution should hold for such a material. 
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APPENDIX 

This appendix considers that problem of numerically 
solving the ,equations of motion for 1800 magnetic domain 
walls in materials having uniaxial anisotropy. For a 
very wide range of material parameters and applied 
magnetic fields, it is found that the equations can be 
solved with considerable speed and accuracy. We can
not, and do not, claim to present a method which can 
solve the equations for any set of input parameters. 
However, the set of heuristics we adopt to solve the 
problem has worked very well on all parameter sets we 
have studied, including several rather nasty sets which 
do not represent physically reasonable situations. The 
notation of this appendix differs from that of the body of 
the text due to various scalings and changes of coordi
nate system. Because of this difference in notation, 
several equations from the body of the text will be re
peated, redundantly,.in an effort to make this appendix 
reasonably self-contained and clear. 

Section A briefly reviews the equations of motion and 
their known analytical solutions. Section B introduces 
an accelerating rotating dynamically scaled coordinate 
system to make the equations numerically tractable. 
Section C presents a numerical scheme for solving the 
equations of motion in this new coordinate system in
volving a heuristic scheme for determining, roughly, 
what the width and velocity of the domain wall are as 
functions of time. In Sec. D initial values are obtained, 
and we study the properties of these equilibrium solu
tions under spatial discretization. Finally, Sec. E gives 
examples of several tests which have been used to 
estimate the accuracy of the numerical solutions. 

A. Review 

We briefly review, and give a partial analytical solu
tion of, the equations of motion. For more detail see, 
WalkerI where all the following results may be found. 

We assume that all of xyz space is filled with a uni
axial material whose easy direction lies along the z 
axis. Let a magnetic domain wall in this material have 
variation only in the x direction, and let n{x*, t*), where 
x* and t* represent real physical spatial and time mea
surements, be a unit vector which gives the direction of 
the magnetization at each point x* in the wall for all 
time t*. The energy per unit area in the yz plane of this 
wall is then given by 

E(t*) 1~ {21T~n~ - Kn! - HoMon" 

+A[(~y +(~2 +(~~r]}dX* 

= f.: e (x* , t* )dx* , (AI) 

where [see Eq. (I)J Mo is the magnetization, K is the 
anisotropy constant, Ho(t*) is the applied magnetic field, 
A is the exchange constant and the xyz components of 
n(x* , t*) are written as n", ny, n". Note that we consider 
the applied magnetic field Ho to be, in general, a func
tion of time. Thus, we can numerically turn Ho on in
stantaneously or very slowly, depending on what phe
nomena we wish to study. Let the angles (B, q;) be stan-
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dard polar coordinates with respect to a given right
handed coordinate system XYZ. The XYZ system will 
be oriented in various positions with respect to the 
fixed xyz system throughout the remainder of this paper. 
The XYZ system corresponding to the various (B, q;) 
systems will be obvious from the context. 

If we wish to find B(x*, t*) and q;(x*, t*) such that the 
unit vector n(x*, t*) is given by them in the (e, rp) 
system. then the equations of motion are 

(A2) 

where y=-1.76xl0+7 (Oesec)-l is the gyromagnetic 
ratio, 01 is a positive loss parameter, and the 6 in (A2) 
indicates a functional derivative. By setting t= - yt*, we 
obtain the time-scaled equations 

aB aq;. 1 ~ 
at'- Olaf s1OB= Mo sine 69 • 

(A3) 
ae aq; . 1 ae 0I-+-s1OB=---at at Mo 6 e . 

If we let (B, q;) be defined by aligning the XYZ coordinate 
system so that X=x, Y=y, Z=z, then 

n,,= sinecosq;, 

ny = sin9 sinq;, 

n,,=cose, 

and Eqs. (A3) state that 

Bt - 01 q;t sine = - (21TMo sinB sin2q; 

2A 1 a( '2») (A) + Mo sine ax* q;,,* sm e , 5 

OIBt + q;t si09= - 21TMosin2ecos2q; - (K/Mo) sin2e-Hosine 

- (A/Mo)q;~ sin2 e + (2A/Mo)e:r*:r*' 

where ( )t = a/at and ( ),,* = a/ax*. By setting x = (Js./ 
A)1 /2x*, we obtain the space-scaled equations 

- Ho sin9 - c2q;~sin2e + 2c2e"", 

where c1 = 21TMo and c2 =K/Mo• 

For general Ho(t) , the solution of (A6) is not known. 
However, for the case where Ho(t)=Ho (a constant) and 
I Ho I ~ 01 C1 , WalkerI has exhibited four families of 
analytical equilibrium solutions to (A6): 

q; =M(p -1)1T + (_1)1>+1 sin-1(Hol OIC1)] (a constant), 

B=2tan-1[exp{j(x-vt»)}, (A7) 

wherej=±[(c1cos2 q;+c2)/c2P/2 and v = HoIOIj is the 
velocity of the wall, forP=I, 2, 3, 4. See Eqs. (5). 

The solutions given by (A7) may be used to give initial 
values for solving (A6) since motion will usually start 
from rest, Ho=O. They also provide the necessary 
boundary conditions for (A6): 

Bt(±oo,t)=O, 
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FIG. 17. The rotating coordinate system in which the equations 
are integrated. 

c;ot(±oo,t)=O, 
(AB) 

where initial values [0(x,0), 1',0 (x , 0)] are chosen from 
(A7). 

Thus, the problem to be solved consists of the coupled 
system of parabolic partial differential equations (A6) 
with boundary condition (AB) and initial conditions 
(O(x, 0), c;o(x,O». However, solving (A6) directly poses 
several rather difficult numerical problems. These are 
discussed and partially removed in the next section. 

B. Choice of coordinate system 

The family of equilibrium solutions of (A6) repre
sented by (A7) are very instructive and raise several 
points to be considered when preparing to solve (A3) or 
(A6) numerically. An appreciation of the size of the 
constants cll cZ' and 01 is helpful here. A reasonable set 
of values is c1 =B50, c2 =40, and OI=lO-z. Thus, for 
I Hoi <;; OICI , we have 1 <;; f<;; [(CI + cZ)/C2]I/Z =4. 9. Also, 
for IHol <;;OICI, we have 

-173.5 <;; v<;; c/f=+173.5. 

So the width of the wall, as measured by r I, can be 
expected, in general, to vary by at least a factor of 4. 9. 
Also, the wall can move very rapidly in comparison 
with its width. These two facts will almost certainly 
require a moving coordinate system which has a dynam
ically scaled spatial variable. Finally, since the solu
tions given by (A7) have sinO=O at X=±oo we see that 1',0 
is numerically ill determined at x =± 00. This last fact 
absolutely requires a change of coordinate system from 
that used in obtaining (A6). 

One way to avoid the above problem at X=±oo is to 
orient the XYZ axis as shown in Fig. 17, where (J is an 
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angle yet to be determined. In this (0,1',0) (x, t, (J) system 
the angle (J must be chosen so that sinO(x, t, (3) 4' 0 for all 
x and t, for if this is violated, then 1',0 (x , t, (3) is not well 
defined. This requires, at any point in time, that the 
angle Ii (t), which the magnetization vector makes with 
respect to the positive x axis as it passes through the 
xy plane, may not satisfy Ii (t) = {3 mod (1T). However, the 
equilibrium solutions given by (A7) have o(t)=c;o and as 
Ho goes from - 01 ci to + 01 CI , we see that 1',0 precesses 
by precisely 1T. Thus, no fixed value of (3 can possibly 
work for general Ho(t). This indicates that (3 should be 
a function of time. However, we cannot predict a Priori, 
what (J(t) should be. The numerical scheme must find 
(3(t) all by itself. 

Since the solutions given by (A7) cut the xy plane only 
once, we have a reasonable hope that in general it will 
be possible to choose f3(t) = 1'> (t) + h, roughly, and thus 
avoid any numerical difficulties. 

The above paragraphs have given strong reasons for 
considering a moving coordinate system which has a 
dynamically scaled spatial variable. They have also 
established the need for a coordinate system which 
rotates in time, at a rate which cannot be specified in 
advance. 

All of the above problems can be eased by making the 
change of variable 

x =L(t) + ~ exp[R(t)], (A9) 

for ~E(-oo, +00) and tE(O, +00), and by letting f3={J(t) 
for tE (0, +00), where L, (3, and R are yet to be deter
mined functions of time. The relation x= L(t) 
+ ~ exp[R(t)] represents a moving, L(t), coordinate sys
tem with a dynamically scaled, exp[R(t)], spatial 
variable. The (3(t) then represents the rotation of the 
coordinate system to keep 1',0 well defined. 

A messy, but straightforward, calculation shows that 
the equations of motion are then 

0t - OIqJt sinO= - c1 sin2{3 cosO cos 1',0 + e(t) sinO sin2c;o 

- Ho sinc;o - 2cz exp(- 2R)C;Ou sinO 

-4c2 exp(-2R)Orc;orcos O 

+ (Lte-R + ~Rt)(Ot - 01 c;ot sinO) 

+ {Jt (- sinc;o + 01 cosO cos 1',0) , 

0I0t + qJt sinO= c1 (cos2f3 sin29 + sin2{J cos29 sinc;o) 

+ c(t) sin29 cos2 c;o - Ho cos9 cos 1',0 

(AlO) 

- c2 exp(- 2R)qJ~ sin2 9 + 2c2 exp(- 2R)Ou 

+ (Lte-R + ~Rt)(0I9t + c;ot sinO) 
- f3t (01 sinc;o + cos9 cos 1',0) , 

where c(t) = c i sin2{3(t) + cz. 

The problem now is to solve (AlO) with boundary 
conditions 

9t (±00,t)=0,c;ot(±00,t)=0, (All) 

and initial conditions (9(x,0), c;o(x,O»), with some as yet 
unspecified choice of L, {J, and R, for 9 and 1',0. 

The solution of (AlO) subject to (All) gives a repre
sentation for the motion of the domain wall in a moving, 
L (t), rotating, (J(t) , and dynamically scaled, R (t), co-
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ordinate system. We cannot claim that it can always be 
done, but the functions L{t), t3{t), and R{t), if chosen 
properly, can ensure that 0 and cP are numerically well 
defined and that they may be accurately approximated, 
numerically, for a very wide range of choices for Cl , 

cz, a, and Ho{t}. 

C. Numerical solution 

This section introduces a heuristic scheme for 
determining L, 13, and R as functions of time. The re
sulting system of partial differential equations is then 
discretized in space using the standard central finite 
difference approximations. This yields a system of 
ordinary differential equations in time which are then 
solved using polynominal extrapolation to the limit of 
the results of a first-order backwards Euler difference 
scheme in time. 

The first thing to do is decide on what ~ interval the 
solution of (A10) is to be obtained, since all of (_oo, +(0) 
is clearly out of the question. Due to the arbitrary 
spatial scaling which exp[R{t)] represents, we might as 
well settle on ~E[o, 1]. This restriction of ~ to [0, 1] is 
the first level of truncation error in numerically solving 
(A10) and (All) and results in replacing the boundary 
conditions (All) by 

0t{O, t)= 0, 

Of (1, t) = 0, 

CPt (0, t)=O, 

CPt (1, t)=O. 

(Al2) 

This then requires, intuitively, that L (t) and L (t) 
+ exp[R(t)] should represent the left and right end 
points, respectively, of a finite, mOving, and dynam
ically scaled "window" inside which all the 
interesting wall motion occurs. 

Until now we have left the determination of L(t), t3(t), 
and R (t) open. Before proceeding to the numerical 
solution of (A10) on ~ E [0, 1], t E (0, + (0), subject to 
boundary conditions (A12) we must specify some mech
anism for finding a good choice for L, 13, and R as func,,; 

tions of time, automatically. To do this we use a sim
. pIe, heuristic, but rather powerful, scheme. Choose 
some fixed ~o with 0 < ~o < ~ and require 

cp(~o, t)= cp(~o, 0), 

8(~,t)=8(~,0) tE (0, + (0), 

cp(l- ~o,t)=cp(l- ~0,0), 

(A13) 

For each t, these three conditions suffice to determine 
L(t), J3(t), and R(t). The motivation behind this is quite 
Simple. We want sin8(~, t) *0 for all ~ E [0, 1], at each 
instant in time. Ideally, we would like to have sinO(~,t) 
=1 or 8(~,t)=h. Clearly, this cannot always be true, 
but we can try to force it to be apprOximately true. We 
have from (A12) 8(0, t)= h = 0{1, t) and by fixing the 
middle of the wall at 0(~,t)=8(~,0)=h we can rea
sonably hope that 8(~,t) will not get too far away from 
hfor ~E[O,l]. Thus, hopefully, sin8(~,t)*Ofor 
~E[O,lJ, tE(O,+oo), and (O,cp) are well defined. Also, 
if ~o is chosen initially so that, say, 

cp(~o, 0)= cp(- 00,0) + t[cp( + 00,0) - cp(- 00, 0)], 

then the interval ~ E I ~o, 1 - ~o] will span half the action 
in the wall, initially. If L, (3, and R are determined by 
(A13) then the interval [~o, 1- ~oJ should continue to 
span half the action of the wall, for all time. Thus (A13) 
should keep (8, cp) well defined and x E [L(t), L(t) 
+ exp(R(t»] should contain most of the action of the wall, 
for all time, provided things start off that way initially. 

We now numerically solve the coupled system of Eqs. 
(A10), (A12), and (A1S) for (8, CP, L, ~,R), as a unit, 
for ~E[O,l] and tE(O, +(0). 

For the spatial discretization we use the standard 
central finite difference approximations (see Ref. 12 
or 14). Put a uniform grid, ~J={j-1)h, j=1,··, N, 
on [0,1] where h= 1/(N -1). Let 

{~J~N={~~~/,tM' j=l, "', N, 

then the approximation to (AI0) is, where a dot repre
sents partial differentiation with respect to t, 

6J - a~, SinO, = - cl sin2t3 cosO, cosCPJ + c(t) sin OJ sin2cp, - Ho sinCPJ - (2c:/hZ
) exp(- 2R) sinOJ(CPJ+l + CPJ-l - 2cpJ) - (cih2

) 

X exp(- 2R)(OJ+l - 8 J-l)(CPJ+1 - CPJ-l) cos 8J + (Lte-R + (j -1 )hRt )(OJ+1 - 8J-! - a (CPJ+l - CPJ-l) Sin8J)/2h 

(A14) 

a 6J + ~J sinOJ 

== cl[cos2t3 sin28, + sin213 cos28J sinCPJ] + c(t) sin28, cos2cp, - Ho cosO, cosCPJ - (c/4hZ
) exp(- 2R)(CP,+1 - CP,_1)2 sin20J 

+ (2c2/1f) exp(- 2R){8,+l + 81-1 - 20,) - t3t (a sinCPJ + cos8J cosCPJ) + (Lfe-R + (j -1)hRt )[o(8J+1 - 8J- 1) 

+ (CPJ+l - CPJ-l) sin8,J/2h 

for j=2,···, N-l. 

The boundary conditions (Al2) become 

8l {!) = 8l (0), 8N(t) = 8N{O) , CP1{t) = CP1(0) , CPN(t) = CPN{O) , (A15) 

and (A1S) becomes 

cp,,(t) = cP" (O) , °M{t) = SM{O) , CPN+1_,,(t) = CPN+l-" (O), 

where J is chosen so that 

I ~ - ~"I = min I ~ - ~, I J.l.···.N 
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and M=~(N+l). 

This spatial discretization is known to have error O(h2) (see Refs. 12 and 14). That is, the solution of (A14), 
(A15), (AI 6) differs from the solution of (AlO), (A12), (A13) by O(h2 ) over any finite, [O,T], time interval. 

We have thus reduced the problem of solving the coupled system of partial differential equations (AlO), (Al2) , 
(A13) to solving the large coupled system of ordinary differential equations (A14)-(A16). 

It is well known that such problems are "stiff" and that their numerical solution in time requires the use of an 
implicit scheme if a stable one-step method is to be used, see Dahlquist. 11 Although Dahlquist has shown that the 
trapezoidal rule (the Crank-Nicholson method) has optimal order ·(two) , it is not a very good scheme to use on stiff 
equations. The reasons for this are detailed in Sec. 6 of Ref. 13. So we use the simplest, oldest, and most re
liably accurate of such stable implicit schemes: the first-order backwards Euler method. See Sandberg and 
Shichman15 for a stability analysis of such techniques. The method we give below is basically the same one as used 
in Ref. 13 to solve a similar, Simpler problem. 

We give the algorithm for taking a general time step. Choose I:t.t> 0 and let (OJ, CP'j, Ln, f3n ,Rn) represent those vari
. abIes evaluated at t=to +nl:t.t. Then to go from the present (known) (fIj, ({J'j,L~,f3n,Rn) time level to the next (unknown) 

(OJ+1, cpr1, Lt1, /3"+1 ,Rn+1~ time level we replace (A14) by 
(J'!+1_f? (]I 
I } __ (cpn+1 _ cp'J) sin8'!+l 

I:t.t I:t.t J } } 

= - c1 sin2{3"+1 COS9'j+1 cos cpr 1 + (cl sinZ,Bn+l-t: CZ) sinOrl sin2CPrl - Hl:+1 sincpj+1- (2c2/h
2) exp(- 2Rn+1) sinOj+1(cpj:i + cpj!~ 

_ 2mn+l) (c /h2 )exp(_ 2Rn+1)(O _ 0 )(~+1_ ~+I)cos8'!+l + (Ln+1exp(_Rn+1) + U_l)hRn+1-Rn.) [8'!+1_ ~l 
TJ - 2 J+1 1-1 }+1 }-1 J t I:t.t 1+1 1-1 

_ (]I (cpn+1 _ cpn+l) sin8'!+1J(2h)-1 + fJ'+1 - /3" (_ sincp'J+1 + (]I cos8'!+1 COScpn+1) (A17) 
J+l 1-1 J I:t.t } J J' 

cpn+1 n 
..!!. (8'!+1 _ on) + J - CPt sin8'!+1 
At J J At } 

= c1 (cos2j3n+1 sin29'j+l + sin2{3"+1 cos2erl sin({Jj+l + (c1 sin2,Bn+l + c2) sin26j1 cos2cprl- ~1 COS8j+l coscpt1- (c2/4h2 ) 

X exp(- 2Rn+1 )(cp~:f - cpf-D2 sin2f1j+1 + (2c2/h
2

) exp(- 2Rn+1)(Or.~ + OJ:~ - 2er1) - (f3n+1_ /3")«(]I sincpj+1 + coser1 

X cos CPt 1 )/ At +-[Lt'+le-R
n
+

1 + (j - I) (h/ At) (R.n+1 - Rn)][(]1 (8j:~ - 9'j:D + (cpJ:~ - cpr-D sinOJ+I]/2h, 

for j=2,··, N-l. The boundary conditions (A15) 
beome 

fJ'{"1=0'{, 

en;I=ON, (A18) 

cpr1 = cP~, 
cp";l = cP']" 

and (A16) becomes 

cpr1 = cP~, 
8'Jl1 = Oz., (A19) 

CP";}l-J = CP~+l-J • 
The nonlinear equations (A17) are now linearized using 
precisely one Newton iteration with the old (.)n solution 
as the initial guess. This linearized backwards Euler 
method yields a linear system of equations for the 
quantities: r; = OJ+1 - fIj, s~ = cpj+l - CP'j, l5L; = Lt1 - L~ , 
l5{3" = /3"+1- /3", and l5Rn =Rn+1 _Rn. If we let X 
= (r1 , 51'·· ,rn,sn)' then we have a linear system of the 
form 

(A20) 

where A is a given NXN band matrix of bandwidth 7 and 
PI'·· ., P4 are given N vectors. We can solve for 

(A21), 

Equations (A19) can then be satisfied by setting the CPJ' 
OM' and CPN+I-J correction components of X, from (A21), 
equal to zero. This gives a 3 X3 linear system of equa-
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hons for l5L~, l5/3", and l5Rn which are then easily de
termined. With l5Lt', l513ft

, and l5Rn computed, the cor
rections r} and sJ in X are given by (A21) and 
(OJ+1, cpr1 ,L~+l , /3"+1, Rn+1) can be obtained. 

The above scheme describes a linearized baCkwards 
Euler method for solving (A14)-(A16) in time. It is 
first-order accurate, that is, by using a time step of 
At to go from to to tl = to + mAt, the resulting error at 
t1 is O(M). See either Ref. 14 or 15 for the proof of 
such results. 

However, much more is known about these methods. 
In fact, Stetter16 has shown, in a very general setting, 
the processes such as the above give rise to expansions 
of the form 

(A22) 

where, for our problem, T(At) is the value of the 
vector (or, cpT,· •• , e>; , CP';, L'l' , f3'" ,R"'), which is the value 
of our approximate solution at t1 = to + mAt, and the TJ 
are vectors which depend only upon to an~ tl • Thus, as 
At = (t1 - to)/ m goes to zero, T(At) not only converges, 
with error O(At), to the true solution at t1 , namely 
T(O}, but T(At}looks more and more like a polynomial 
in At, componentwise. By using polynomial extra
polation to the limit of the results of this first-order 
scheme, we generate a process which has an error of 
O(Atp+l) where P levels of extrapolation are used. This 
extrapolation process is very well described in Ref. 8 
and its application to the numerical solution of ordinary 
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differential equations is also very well described in Ref. 
10. It must be stressed that the underlying process, 
Gragg's modified midpoint rule, which Bulirsch and 
Stoer extrapolate in Ref. 10 is not the one we are pro
posing to extrapolate here. That rule is second-order 
accurate and is actually unstable if the equations being 
solved are stiff. The first-order linearized backwards 
Euler method we use here is highly stable under extra
polation, even for very stiff systems like (A14). So 
Ref. 10 should be read with an eye to the basic idea of 
using extrapolation in solving ordinary differential 
equations and not to those peculiarities which Bulirsch 
and Stoer introduce to take special advantage of the 
nice properties of Gragg's modified midpoint rule. 

The same technique we have used here to solve (A14) 
was used in Ref. 18 to solve a similar system. It is of 
interest that, for both of these problems, polynominal 
extrapolation was found to be someWhat, 15-20%, 
faster than rational extrapolation. This is in contrast 
to the finding in Ref. 10 that rational is usually the 
faster of the two, at least when extrapolating Gragg's 
modified midpoint rule. 

It should be noted that the variable L t is not extra
polated, for two reasons. If only B" CP" f3, and Rare 
given, presumably by extrapolation, then Lt , Bt , and 
R t can be computed by solving Eqs. (A~4) for 

8J ={CI[ - sin2f3 cosBJ cosCPJ + a (cos2f3 sin2B, + sin2f3 cos2B, sincp,)J + (CI sin2f3 + c2)(sinB, sin2cp, + a sin2B, cos2cpJ) 

- Ho(sincp, + a cosB, coscp,) - (c/h2) exp(- 2R)[2(cp,+1 + CPJ-l - 2cp,) sinB, + ta (CPJ+I - cpJ-l)2 sin29j + (Bi+l - BJ-l)(CP'+1 

- CPJ-l) cosBJ - 2a(B'+1 + BJ-l - 2B,m/(1 + ( 2) + [L,e-oR + (j -l)hRt J(B,+1 - BJ-l)/2h - f3t sincp" (A23) 

~J ={ci (a sin2f3 cosBJ cosCP, + cos2f3 sin2B, + sin2f3 cos2BJ sinCPJ) + (ci sin2{3 + c2)(- a sinBJ sin2CPJ + sin2BJ cos2cpJ) 

+ Ho(a sinCPJ - cosCPJ cosBJ) + (cJh2) exp(- 2R)[2a (CPJ+I + CP,-l - 2cpJ) sinB, - HCPJ+I - cp,_)2 sin2BJ 

+ (BJ+I - B'_I)(CPJ+I - CP'-l) cos BJ + 2(BJ+I + BJ-l - 2B,m/[(1 4- ( 2
) sinBJ] + [Lte- oR + (j -l)hRt ](CP,+1 - cpJ _N2h 

- f3t cotB, coscpJ, 

and setting 8M == 0 == cP" == 0 == ~N+I-'" Then since L" f3" 
and Rt appear linearly in (A23), we have an easily 
solved linear system of three equations for L t , f3t , and 
Rt · Thus, to find Lt , f3t , Rt , we need only know BJ , cP J' 

{3, and R. The second reason for not extrapolating Lt is 
that, in practice, the variable L" if extrapolated along 
with BJ, cpJ, f3, and R, is invariably the last to con
verge. This slows the process down considerably, by 
30% or more, and makes deleting L t from the 
extrapolation process very desirable. 

D. Initial conditions 

This section discusses the equilibrium solutions 
given by (A 7) and their use as initial value choices in 
solving (A14)-(A16). Their properties under spatial 
discretization are studied and various rules of thumb 
are found for chOOSing N in the spatial discretization, 
choosing a good value for J in (A16) and finally chOOSing 
a proper starting value for R in (A9). 

By choosing a given solution from (A 7) we can then 
produce the corresponding solution (B, cp,Lt> i3,R) for 
(A10), (A12), and (A13) by setting 

Lt=v, 

(3= cP + t1T, 
R=lnL, 

(A24) 

where L is the width of the initial "window" we wish to 
use. Note that the choice of /3=cp+hforces B(~,O) 
==h. 

Since, in the mOving window B(x) = tan-l (ef>:) [see 
(A7)], if we want 

(A25) 

that is, a window wide enough so that all but 10-N, of the 
variation of the wall takes place within it, then 
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L = (2In10)Ni!"" 4. 6Ni! (A26) 

is the proper choice. This speCifies R = InL. 

Next we need to specify the number N in the spatial 
discretization. The following argument is useful here. 
Since B(x)=2tan-1(ef >:), we have II On II = max 1 0",,1 
=.f(3 + 2/2}1/2(1 + ../2)/(2 +/2}2 which gives, roughly, 

/10 11",,1.+2. n 2J (A27) 

Now the truncation error (TE) in the central finite 
difference representation of 0 cannot be any better, and 
hopefully will not be any worse, than that of the piece
wise-linear function which interpolates 0 at the points 

j= 1,' ·,N. 

So we estimate 

TE=t/l0>:x/lCV~1)2=~ (N~lr, 
using (A27), and if L is chosen by (A26), then 

TE = 5. 3[Ni (N _1)]2 (A28) 

which is independent of!. 

Since we will generally specify N, and want TE to be 
less than some given quantity, the relation 

N=N
d
(5. 3/TE)l/2+ 1, (A29) 

which is equivalent to (A28), is useful. For example, 
with Nd= 3 and TE= 10-2 we get from (A29) N= 70. This 
is a very modest number of points to obtain 1% ac
curacy in B, cP, L t , /3, and R. That (A29) should hold, 
roughly, for the solutions given by (A7) is not surpris
ing. However, it is surprising, and rather wonderful, 
that (A29) seems to also be true for most other types 
of solutions. This is observed in Sec. E. 
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FIG. 18. Lt(t) for Nd= 3, r=a=10-z, andN=73 and 145. 

Once the initial discretized "window" has been set 
up as described above, we need to choose the point J 
which will fix CP" and CPH+I-" for all time using (A16). It 
has been found that choosing J so that CP" is very close 
to its far-field value, CPu is not a good idea, for then 
the numerical determination of L t , /3, and R becomes 
ill conditioned. This is easy to understand since small 
perturbations in cP way out in the wings of the window 
correspond to very large changes in the x position at 
which the perturbed value of cp actually occurs in the 
true wall. Similar arguments can be made against 
choosing J so that CP" and CPH+I-" are close together. For 
the above reasons, most runs were made by choosing 
J so that I CPI - CP" I ""tw, and thus I CPH'I-" - CPH I ""h also. 

E. Tests for accuracy 

There are three sources. of truncation error in 
solving (A10) subject to (All). First there is the choice 
of the width of the window via Nd in (A26). Second is the 
choice of N in the spatial discretization. Finally, the 
choice of the parameters r and a which determine how 
accurately the solution should be computed in time by 
the extrapolation routines. Specifically, they will try 
to compute an answer V accurate to rl VI +a. 

We.vary all three of these parameter sets, Nd , N, 
and (r, a) in ass essing accuracy. The following examples 
illustrate the process and results for a typical set of 
C u C 2 , a, and Ho values. 

Let c 1 = 850, C 2= 40, and a = 10-3
• Choose Ho(t) == 1 

> aC I = He and take Ho= 0 in (A7) with P= 2 for initial 
values. We plot only the velocity of the wall, Ltt as a 
function of time since it is representative of all the 
others. Figure 18 shows Lt(t) lor N d =3, r=a=10-2

, 

and two values of N, namely 73 and 145. The corre
sponding L t (20) values are 

+265.308 (N=73), 

+ 256. 548 (N= 145), 

which differ by less than 3.5%, after more than three 

5421 J. Appl. Phys .• Vol. 45. No. 12. December 1974 

complete cycles of the velocity • 

For- Na = 3, N = 73 and two values of (r ,a), namely 
(10-2 ,10-2), and (10-3,10"3), the corresponding L t (20) 

values are 

265.308 (10-2 ,10-2
), 

261.640 (10-3,10-3), 

which differ by less than 1. 5%. The plots of L t (t) for 
this run, and of the run to follow, are not shown be
cause they differ only slightly from Fig. 18 and give no 
extra insightinto the error propagation. Finally, for 
(r,a)= (10-2 ,10-2

) and two values for (Nd,N) which try to 
keep the spatial truncation error the same, so that the 
effect of changing Na can be assessed separately, the 
corresponding values of L t (20) are 

+ 265. 308 (Na = 3, N = 73), 

+ 258. 745 (Na = 6, N = 145), 

which differ by less than 2.6%. 

The plot shows that Lt(t), as computed by the several 
parameter choices, drifts a bit when entering the 
second half of the third cycle. However, all solutions 
recover nicely when they reach a smooth region for 
Lt(t). Thus, the values N= 73, Na= 3, and r=a= 10-2 

actually seem to give good, on the order of 1-3%, 
accuracy. This run took precisely 240 sec to execute 
on a Honeywell 6070 computer. The time for the other 
runs, so long as r=a=10-\ can be taken to be 240N/73 
sec since run time depends roughly linearly upon N. 
The run with r=a = 10-3, N = 73, and Na= 3 took 561 
sec to execute. Changing only Na does not affect the 
run time. All of these runs used less than 3x 104 words 
of storage. 
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